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Abstract

Helicity of PAS (Pekeris-Accad-Shkoller) flow is the scalar product of
velocity v flow and its curl, in a Euclidean space. Since PAS flow is a
Beltrami flow with a property Cv = curlv, with C is a constant, the
helicity of PAS flow can be determined by integrating the scalar
product between vectors v and v and multiply with A. This paper will
explain the process of calculating the helicity of PAS.
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1. Introduction

PAS flow is defined by

v =2R{s3 + 3}, (1.1)
53 = KAjo(Ar), (1.2)
15 = As3(r), (13)

K = 65,
where A is the positive root of the second order of Spherical Bessel function
Jalr),

~3cosr (3~ ¥*)sin r

Jalr) = I (1.4)

and helicity of a flow is defined by [2],
H = jvv-vadV, (1.5)
while the property of Beltrami flow is [3],

Cv =Vxy, (1.6)

So that the integral (1.5) can be substituted by the following form:
H = Cva.vdV. (1.7)

It is easy to show that PAS flow has
C=A

so that the integral (1.7) recast into

H = AIVv vdV. (1.8)

2. Main Results

Based on (1.1), it can be stated that
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2 2

v:s§+s§ + 15 +t2_2

so that the integrand form in the integral (1.8) can be changed into

v-v:(s§+s§2 +t72_ +t52)-(s72_ +s§2+t§ +t2_2)
= s22s22 + s%sz_z + s%t% + s%tz_z + sgzs% + s2—2s2—2 + sz_zt%
+ 572050 + 353 + 3577 + 66 + 8657 + 6553 + 652557
+ 528 + 5% @2.1)
with
dv = r? sin 0drdodé,
and

0<r<,0<06<,0<¢<2m

Integrands (2.1) are composed by 16 parts of scalar product between two
vectors. To determine the integral solution of (1.8), the spherical harmonics
function is needed to apply in it. This function is defined by [1],

Y6, ¢) = (—)'"( 2n 1] ]2 PP (cos @)™ = ()Y, ", (22)
2-0

m

where Y, is conjugate of Y, (6, ¢),

1
2-8% 2(1—00329)[ d
(n+m) 27 d cos

P (cos 0) = [ }mw(cos2 0-1)", (2.3)

is an associated Legendre polynomial with n degree and m order, with 0 < 0
< 1, ¢ is Euler function with 0 < ¢ < 2,

I,Lm=0

80, is delta Kronecker with 83, = {0’ o
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Because in PAS flow m = 2 and »# = 2 then the integrand (2.1) are expanded
into spherical harmonic functions of Y22 and Y, 2, and since the integral of
_[;n (ei2¢’)2d¢ and L)Zn (e_i2¢’)2d¢) are zero, the ¢ integral, composed of
Y22Y22, and ¥y ZY{Z are zero. While the results of the ¢ integral which is
composed by YZZYZ_Z, is 2m, because L)zn 2. e_i2¢’d¢) = I()zn db = 2n. By

these properties of the ¢ integral, the 16 parts of integrand (2.1) can be
reduced to

2.2 2,2 -22 2,2 2 -2 2, -2 2.2 ,-2.2
$78,, S2t2 , 87 8§73, 8> t2, t2S2 s tztz , 12 $7, 12 12.

These reduced integrands are then be expanded in the form of spherical
harmonic functions as the following.

First, we expand the pair integrand s%siz and sfzsg ,
2-2_|6 2,2 14d 5Y2 6Y2
= | 2s8ys — 2
5252 (rszz’rdr( )% o0’ esmedr( 2)

6 202 1d, 2.8Y5%2 1 d, 2, 0%7°
2gtyst ~ 4 =2 _ - ¢
(rsz 2w ) e )

36, 20202y-2, 1[d, 2] ov ovs?
=3 (s2)°13 1 +r—2[5(r52)} 2020

1 [d ) T oYf ovy?
4+ —_— —(rs —= s 2.4
TanTola "] @4)

22 (6 2,2 1d, 2,837°
=2ty 24 =2
525 [rsz 205 r(rsz) o0 ’rsmedr( 2)

6 202 1d, 20 1 4, 5 a1
(rs 0 F rmo a2 Gy
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36, 00,202, 1[d, 2P ov? or
—r—z(Sz) ny +r—2[5(r52)} 0 0
1 [d 2 T oYy? oYs
| S (rs3) | 22 2.5
Fantolar D] "o o =

By the properties,

oYF avst  ovy? ovd
30 80 a0 0

2.6
ovf oyt ovs? ovd (25)
o o 0 0

then s%sz'2 = sz_zsg.

Second, we expand the pair integrand 12212_ 2 and ty 21%,

2 ay2 2 2 ay2 2
2652 _ (0’ ty oY; 2 0Y; J[O n T 0% J

g sn0 86 2730 || sme a6 * 2730
_ (1) o ars? \ (2) oYs ovy?
- 2o 00 00 0 00
sin” 6
_(3) org avy? 2y ovf ovy? an
20 00 00 3 08 ’ '
sin“ 6
2,2 = 15 ory° 2 o 0 13 ovg 2 ory
22 "sin® o8¢ ° 2 o8 "sin0 o9 2 00
_ () avy? oyf \ (2 oYs 2 oYs
20700 00 30 9
sin”“ 6
_(2)? ovgt ovd 2 052 oYF 28)

2
= + .
sin2@ 00 b ) 5

By the properties (2.6), equations (2.7) and (2.8) are equal so that t%tz_2 =

15°83.
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Third, we expand the pair integrands s% t 2 and t% sgz,

2,2 _|6 2 0Y2 1 0Y2
s2f2 _[r ( 2) rsmedr( 2)

[o 12 052 pa%°
"sin® 80 2 30

3 4 (rsz)aY22 ot A (s )6Y22 oY 2
T sin0dr 2750 "o rsin@dr 2 ap o0
2 2 -2 2 -2
_ 4y, 2 oy oyt ovy ant ) 2.9)
rsin @ dr o0 0d op 00

P B oY; 5 ovf
= O, T N —t2
sin® o 06

—S2Y2 T

6 2y:2. 1 d )0Y2
2 ’rsmOa’r

B
( 2)6Y2 }

2 2 -2 2
- t'2 i(rsg) 6Y2 6Y2 B 1.2 —d—(rs ) 5Y2 6
rsin® dr op 0 rsin 0 dr 00 6¢

2 2 -2 2 -2
- t.2 _d_( S%) 6Y2 6Y2 _ 6Y2 (?Yz - (2.10)
rsin @ dr op 00 o0 b
By the property,
2 -2 =2 2
oYy 0Y,° = oY,  oY; @11

o & 00 0o
. 2,2 _ 2 -2
then equations (2.9) and (2.10) show that s5¢,“ = —t5s,°.

Fourth, we expand the pairs integrands 12_25% and tzzsiz,

2 -2 -2
2.2 13 0Y2 2 (?Yz
252 "(0’ snb o0 270
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6 2.2 l d 6Y2 1 6Y2
[r 7 ( 2) ’rsmea’r( 2)
Bod, 2052 0F 13 d, o 0¥t oYd
=043 -4 3)2h o
rsin @ dr op 09 rsin® dr a0 o

rsin 9 dr

2 A2 2
-2 13 6Y2 2 6Y2
137 ‘[0’ sin0 o6 " 250

2,013

6 2,2 1d
[rszYz ’rdr(rsz) 00 ’rsmedr( 2)

B d, 5 0YF vyt

= sn0 @ 52) P _rsmﬂdr( 1) 54 30 0b

-2 _
~ RSN ovF  ovy* ovf 2.1
20\ T30 80 0 ob | :

5

5, 0YE avy?

ovF ov;*  ovg oy’

_rsmedr( 2)[ o6 0 0 0 ] (2.13)

According to the property (2.11), the results (2.12) and (2.13) show that

2.2 2 -2

HUsy = —t58)".

From the expansions of integrands (2.1), therefore we find two pairs of

integrands with same sign,

s%siz = s2_25§,
and

1567 = 63,

and two integrands with opposite sign,

s%tiz = —t%sz_2
and
t2’2s‘22 = —t%sfz.
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Since the sum of two integrands in (2.1) with opposite sign is zero, the scalar
product of vector v and v in (2.1) can be reduced as the following:

Vv = 538550 + 85085 + B + 1513
= 2s353% + 13132). (2.14)

Substitute (2.14) into (1.8), the integral form becomes

H = Aj 253532 + 52 dv

2n pmopl
- A_[O IO jo 2As2s3? + 1252)r? sin OcdrdOds. (2.15)

Substitute (2.4) and (2.7) into the integrand (2.15), will obtain

2As3sy? + 1365°)r? sin 6

36, 232,20
=2H—2(Sz) Yiv;?
4

1 [d, 2T orf ar? 1 [d 2112 oY ov;?
+r2[dr(”2)] 0 0 22 E(”Z)} 36 00

¥“sin” 0

(3) oYf oYy ? 2 6Y2 vyt 5 .
+ r“sin@
{sinZe & o 1w

36, 2.2 _
=2{—2(Sz) Yiy;?

Iz

1[d, 2 ors ar° I [d ovf ov;? |
+r2[dr(rs2)} % a0 T3 [dr(s ):l 3 8 2sin0

r? sin% @

() oY} ov;2 a0 ayz ov?| o
+2 sin 6
{sin2 p 06 0 + ) 69 "
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2 ov# ovy?
0 0

= 72(s3)*Y2Y5 2 sin 0 + 2sin e{% (rs3 )}
1

2

+

2 [d (2) 2 oy} o572
dr

sin0|dr 2] T3¢ o0

3

+ 2)‘2([22)2 8Y22 6Y2—2
sin®  0b b
4 S

oY} ovs52

20,252 _:
+2r°(t5 )" sin @ o 20

(2.16)

So the integral (2.14) is the sum of five integrals with the integrand 1 until 5
in (2.16). To solve the integral (2.15), we expand these integrands to the
following spherical harmonic functions form.

Integrand 1
72(s2 P Y2Y5 % sin 0 = 135K 2A% (o (Ar))? sin? Bsin0.  (2.17)
Integrand 2

2 2 -2
_Td, 2 Por? oy
2sin G[E(rsz )} O

= 2K A2 (i (AR = 4K Krji{Ar) o (A7)
2.2/ 215 . 2 2. .
+4K°A(jo(Ar)) )(751n 0cos” Osin 9) [4]. (2.18)

Integrand 3

ol o] oy oy
sin@| dr~ %’ 30 0

= 2AK2A P2 (1(AF)? — 4K2 Ay (Ar) jo(Ar)

+ 4K2A2(j5(Ar))? ) (30 cos? Osin 6). (2.19)
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Integrand 4

2r2(13)? aY$ oYy 2

_ 202447 - 2 2 .
sno oy o o KA (j2(Ar))*(30cos? Bsin0).  (2.20)

Integrand 5

oYF ovy?
0 o0

2r2(12) sin 0 = 212K A% (5 (Ar)) sin 8 22 ) sin2 0 cos? 0.
2 2 B

(2.21)
The next step is, to integrate each form of integrands from (2.17) until (2.21).

Since the three variables of integral, ¢, 0, » are mutually independent
in the integral (2.15), we solve the integral as the multiplication of
(I4)(Ig)(1,). These integrals are associated to every part of the five

integrands (2.16). We solve the integrals as the following order.

Integral 1, /; with integrand (2.17).

Integral ¢,
2n
ho = [db=2m

Integral 0,
L . 16

ho = [ sin® .

19 ,Sin 0 sin 640 s
Integral r,

1
I, = J0135K2A2( J2(AF)2dr.

So the result is integral 1 is

h = (hg) (1) (1yy) = 2885 | K2A2(jp(Ar) .

Integral 2, I, with integrand (2.18).
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Integral ¢,

Iy = [T =2

= =2m.
26 J- X U

Integral 6,

T

Iy = J-O%sin2 0 cos? Bsin 640 = 2.

Integral r,

1
Iy = L 2AKAAN (1 (AR)) = 4K Ny (Ar) o (Ar)

+ 4K 2 A2 (j(Ar))?)dr.

Result integral 2 is
1
2,4 2/ 2
Iy = (126)(120)(13,) = 8 | (K*A*F2 i (Ar)

— 4K N (AR) jo (Ar) + 4K A2y (Ar) ) dr.

Integral 3, /5 with integrand (2.19).

Integral ¢,
I = [ =2
= =2r
36 J-o ¢
Integral 6,
= (Moo =2
Iy = J-Osm 0d0 = 3
Integral r,

|
Iy = J'015(1<2A4r2( A(AR)) = 4K Krjy(Ar) jo (Ar)

+ 4K2 A2 (o (Ar)) ) dr.
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Result integral 3 is
1
I3 = (134)(139) 13,) = 40r [ (K2A*(ji(Ar))
— 4K (Ar) jo(AF) + K2 A2 (o (AF)) )dr.

Integral 4, I, with integrand (2.20).

Integral ¢,
lag = [ "db=2
= =27
44 Io ¢
Integral 0,
T3 4
g = 0d0 = —.
40 J.OSIH 3
Integral 7,
1
Iy, = J.015K2A4r2( o (Ar)2dr,
Result integral 4 is
P 2,4 2., 2
I4.= (Lay)Uag)(Lay) = 40m | K2A*P (o (Ar)) ar

Integral 5, /5 with integrand (2.21).

Integral ¢,
Isp = [T db =2
59 = .[o b = 2m.
Integral 0,

T
Isg = .[017551112 0 cos? Bsin 046 = 2.
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Integral r,
Is, = J'012K2A4r2(j2(/\r))2dr.
Result integral 5 is
Is = (Isy)(Iso)(Is,) = 8% || KA (o (Ar) 2

With these five results we can formulate the helicity of PAS flow as
H=/\(11+[2+13 +14+[5):A[1+A[2+A[3+A[4+A[5.

Hence,

H = /\(288n J:KZAZ( jz(Ar))zdr]
+ A(8n J'; (K2A* P2 (AR — 4K 2 A3 (Ar) o (AF)
4 AK2A( jz(Ar))z)dr)
+ A(4O1t I;(K2A4r2( JAR)? = 4K 2N (AF) j2 (Ar)
4 AK2A2( jz(Ar))z)dr)
+ A(40n .[OIKZAA‘rZ( jz(Ar))zdrj + A(8n .[;KZAA‘rz( Ja(Ar))? drj
- A(288n .[;KZA4( o (Ar))? drj
+ A(48n j;(K2A4r2( JAR)? = 4K2 A3k (AF) Ja (AF)

+ 4K A2 (j(Ar))? )dr) + A(481t I;K2A4r2(j2(/\r))2dr]
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1 1
- 2887 J'O K2A3 (o (Ar)2dr + 481 IOKZASrZ( (AR dr
Voo 4 . .
~192% "-OK A*F(AF) o (AF)dr
1 1
+192n jOK2A3( Jo(AF))Edr + 487 '[OKzASrz( Ja (AR dr
1 1
— 480 J'O K2A3(jy(Ar)2dr + 487 J‘OKZASH( Ji(Ar)2dr

L2522, 2 Lo2,a .
+48n | KNr<(jo(Ar)) dr —192n OK Arjy(Ar) jo(Ar)dr. (2.22)
0
Write the integrals of (2.22) as

1
H = IO (480mK 2A3 (i (Ar))? + 487K 2ASF2(j (Ar))2

+ 487K 2N P2 (G (Ar)? = 1927K Ay (AF) o (Ar))dr.  (2.23)

The integral of (2.23) is a globally Aelicity, which is calculated in a volume
of a spherical space. The kelicity could also calculated as a function of radius
of a ball with r between 0 and 1.

This function is the integrand of integral (2.23), which is formulated as
H(r) = 480nK 2A2(jo(Ar))? + 481K 2N 2 (i (Ar))?
+ 48K 2 A2 (G (Ar))? = 1920K 2 A% (Ar) jo(Ar), O <r <.

(2.24)

We solve numerically the integral by software of Wolfram Mathematica 7,

version 7.0.1. Since K = 6/5, K? = 1.2, so the numerical calculation of

(2.23) is written in code
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Nintegrate[480 * N[Pi] * 1.2 * A"3
* SphericalBessel}[2, A * r]"2+48 % N[Pi] * 1.2 * ANS % "2
* SphericalBesselJ[1,A * r]"2+48 * N[Pi] * 1.2 * A"5 "2
* SphericalBesselJ [2,A * r]"2—192 * N[Pi] * 1.2 * A *r
* SphericalBessell[1,A * r]SphericalBessell[2, A * r], {r, 0, 1}]
and the graph of (2.24) is written with code
Plot[480 * N[Pi] * 1.2 * A"3
* SphericalBesselJ[2,A * #]"2+48 * N[Pi] * 1.2 * ANS * p™2
* SphericalBessell[1,A * r]"2+48 * N[Pi] * 1.2 * A"5 * "2
* SphericalBesselJ[2,A * r]*2-192 * N[Pi] * 1.2 * A" * r
* SphericalBesselJ[1,A * r]SphericalBesselJ[2,A * 7],
{r, 0, 1}, Frame — True, GridLines —* Automatic]

Since the model of PAS flow, use A =12.3229 [5], the outcomes of
integral (2.23) would be generated by the following codes:

Nintegrate[480 * N[Pi] * 1.2 * 12.3229"3
* SphericalBessell[2,12.3229 = #]72+48 * N[Pi] * 1.2 * 12.322975 * p"2
* SphericalBessell[1,12.3229  #}* 2 + 48 * N[P1] * 1.2 % 12.322975 * p"2
* SphericalBesselJ[2,12.3229 * r]"2-192 * N[Pi] * 1.2 *12.3229%4 * r
* SphericalBessell{1,12.3229 * »]SphericalBesselJ [2,12.322§ *r],
{r,0, 1}]

and the outcomes is H = 331932,
The graph (2.24) is generated by the following code

Plot[480 * N[Pi] * 1.2 * 12.32293

* SphericalBesselJ[2,12.3229 * #]"2 + 48 * N[Pi] * 1.2 * 12.322975 * p~2
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* SphericalBesselJ[1,12.3229 * /]2 + 48 * N[Pi] * 1.2 # 12.3229"5 * "2
* SphericalBesselJ2,12.3229 * r]"2-192 * N[Pi] * 1.2 * 12.3229%4 * r
* SphericalBesselJ[1,12.3229 * r]SphericaiBessel}[2,12.3229 * r],
{r, 0, 1}, Frame — True, GridLines — Automatic]

and the result is the following graph:

HOhoe

r H(r)
SO0 / B 0.10 | 42443

B 0.20 | 360531
i R © .. |0.30 |594923
3 0.40 | 391466

104000

H(r) nguon

206000 : 0.60 397039

1 ! 0.80 | 346452

1.00 | 331932

4 -
au "2 0w D (123 Io

r

Graph of Helicity of PAS Flow with A = 12.3229.

The table in the right side of the graph shows the value of H(r) in a certain

value of r, which is calculated as

N[480 * N[Pi] * 1.2 * 12.322973
* SphericalBesselJ[2,12.3229 # r["2+48 * N[Pi] * 1.2 * 12.322975 * 2
* SphericalBesselJ[1,12.3229 * r]~2+48 * N[Pi] #1.2 % 12.3229"5 * "2
* SphericalBesselJ[2,12.3229 * r]*2 — 192 * N[Pi] * 1.2 * 12.3229"4 *r
* SphericalBesselJ[1,12.3229 * r]SphericalBesselJ[2,12.3229 * r]]

As examples, we substitute » with the values of 0.10, 0.20, 0.40, 0.60, 0.80,
and 1.00. Then the values of H(r) are H(0.10) = 42443, H(0.20) = 360531,
H(0.40) = 391446, H(0, 60) = 397039, H(0.80) = 346452, and H(1.00) =
331932.
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3. Conclusion

The helicity of any flow is determined by integral that defined by
Moffatt,

H = j v-VxvdV.
V

Since PAS flow is Beltrami flow, which v vector is parallel to its vorticity,
Cv =V x v, we can substitute the above integral to the following integral:

H:jv-CvdV
V

where C is a constant, so that the integral becomes

Hij v-vdV.
Vv

If we determine the PAS flow directly by the definition of integral in (1.5),
we have to expand vector v and V x v, and then expand the scalar product of
them. However, if we use the Beltrami property to determine the helicity of
PAS flow, we need only to expand the product scalar between vector v and
the same vector. Therefore, Beltrami property make simpler in determining
the helicity of PAS flow. With Beltrami property, we can derive that the
value of C which is equal to A, the positive roots of second order of Bessel
function.

The result of global helicity calculated in a space of spherical volume and
calculated as a function of radius of a ball are equal when » =1, thatis H =

H(l) = 331932.
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