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ABSTRACT

Existence of global attractor in L?(Q) for a nonlinear parabolic equation:
up — div(a(|JVu|?)vu) + g(u) = f(x, t) are proved under assumptions that o(v?) is a function like o(v?) =
|[v|™, g(u) is a globally Lipschitz functions, f belongs toL2(Q), and Q is a bounded domain in R™.

1. Introduction
This paper is concerned with the study of the existence of a global attractor for
nonlinear parabolic equation:
up — div(|Vu|?)Vu) + g(u) = f(x,t) t>0 x€ (1.1)
u(x,0) =up(x), x€Q; ulx,t)=0 x€dQt>0, (1.2)
where, o(v?) is a function like o(v?) = |v|™ and g(u) is a globally Lipschitz function .
This is one of the most typical nonlinear parabolic equation and investigated from
various points of view ( [3], [6], [8], [9], [11] etc.).
The global attractor is a basic concept and tool to study asymptotic behaviors
of solutions on evolution equations. It is an invariant compact set absorbing all the
bounded sets as time goes to infinity. In recent years several author have developed
this problem. Specially we cite the monographs by ([1], [2], [5], [13]).
The main purpose of this paper is to study the existence of global attractor A.
Take the form of the abstract evolutionary equations with monotone principle part and
employe some dissipative theory from [4] and develop it with using some result from

[5]. Some theoritical considerations are mostly based on [2], [4] and [12].

2 Preliminaries and Results.
2.1 Semigroups and stability sets
In this section, some basic ideas and in the theory of dynamical systems are

developed.
Definition 2.1.1. Let V be a metric space. The evolution of dynamical system in V is
described by a family of operators {T(t)} of maps V into itself. The family is called a C°
semigroup if it satisfies

1. T(0) =1, identity map onV,

2. T(t+s)=T{)T(s),



3. The function [0,00) XV 3 (t,x) » T(t)x is continuous at each point
(t,x) evV.

For purposes of convinience, we shall introduce several concepts closely
related to Definition 2.1.1 above.
e Ais aninvariant set for semigroup {T(t)} if T(t)A = A fort € R.
e Let By, B, be two subsets of V. We say that B, is {T(t)}-attracted by B, if
d(T(t)B;,B;) >0 ast— +o
where, for each t > 0,
d(T(t)B,,B;) = sup inf dist (b, by).

b,€T(t)B,P1€EB1
e The semigroup {T(t)} is said to be point dissipative if there is a bounded set

B c V that attracts each point of I/

Definition 2.1.2. Let A c V be nonempty and {T(t)} invariant. We say that,
1. Ais stable if and only if for each open neighborhood U of A there exist an open
neighborhood W of A such that T(t)W < U for all t = 0;
2. A is asymptotically stable if and only if A is stable and attracts each point lying
in some open neighborhood of A.
3. A is uniformly asymptotically stable if and only if A is stable and attracts some

open neighborhood of itself.

Definition 2.1.3. A c V is a global attractor for semigroup {T(t)};»o if A IS compact,

{T(t)} invariant set and attracts every bounded set of V.

The theorem and lemma stated below, due to [4], gives sufficient conditions for the

existence of a global attractor.

Theorem 2.1.1. Let {T(t)} be a C° semigroup on a metric space V. If {T(t)} is point
dissipative, asymptotically smooth and keep orbits bounded sets bounded then {T(t)}

has a global attractor in V.

Lemma 2.1.1. Let {T(t)} be a C° semigroup on a metric space V. If {T(t)} is
completely continuous and point dissipative on V, then {T(t)} has a global attractor in
V.



Outline of the proof.

By Theorem 2.1 it suffices to show that for any bounded set B there exists tz > 0 such
that U.s,, T(t)B is bounded. Since {T(t)} is compact T(¢)C is precompact for C, a
bounded set, and it is only necessary to show that orbits of compact sets are bounded.
Let H be a compact set. Since {T(t)} is point dissipative, there is an open bounded set
B such that for any x € H, there is an integer ny = ny(x, B) with the property that
T(t,)x € B for n = ny. By the continuity of {T(t)}, there is a neighborhood N, of x such
that (t,, )Ny € B.

Let {N,,i =1,2,...,p} be a finite covering of H. Let N(H) = maxn,(x;, B), K = CIT(t)B
and K =Ull_, (K)T(t,,)B. Then, T(t,)B c K forn > 1. Also T(t,)H c K for n > ny(H) +
1and U, T(t)B is bounded.

2.2. The abstract form of the problem
Now, we consider an abstract evolution equation which has a monotone
operator as a principal term. Based on the result in [5], a particular feature of such
problems is that the dissipation properties of the nonlinear main part operator are often
much strong.
Let X be a reflexive Banach space with dual X* and H be a Hilbert space such
that X ¢ H, X dense in H.
We assume that an operator A: X — X* satisfies:
1. A is hemicontinuous from X - X*, i.e. Vu,v,w € X the function,
A= (A(u + Av),w) is continuous,
2. Ais monotonei.e. (A(u) —A(v),u—v)=0 Vu,veEL,
3. Ais coercive i.e.

lim (A(Wn),vn) —
n-oo lvnllx

(o]

V{v,} € X such that || v, llx— co.
We assume further a operator N from H to H is globally Lipschitz map with Lipshitz
constant Ly. It is known ( cf. [3]) that the operator Ay, from H to H defined by
Ay =A() for ue DMy) :={v e X|M(v) € H}
is a maximal monotone operator in H.

Consider thus the abstract Cauchy Problem in H:
Su(t) + Au(t) + N(u(t)) = 0 t>0,

u(0) =y

(2.1)
(2.2)



Definition 2.2.1. (See [3, pp. 26])

e A function u € C([0,]:H) is a strong solution of (2.1)-(2.2) if it is
absolutely continuous on each subinterval in (0,0) and satisfies the
equation for a.e.t. and equation (2.1) is satisfied.

e A function u € C([0,0]: H) is said to be a weak solution of the problem if
there exists a sequence of {u,} of strong solutions convergent to u €
C([0,7]: H) for each t > 0. It is known also that for each u, € D(Ay) there
exists a unique strong solution and for each u, € H there exist a unique
weak solution u(t, uy). We write:

T(t)ug = u(t, ug)

Theorem 2.2.1. We assume further that the embedding X c H is compact and A
satisfies the following two conditions:
dwq,3c, €ER,Ap > 2,YVuy € D(Ay)

(Au(t, ug), u(t,up)) = wq Il u(t,uy) II§+ Ci,a.e.t>0
and

37 > 0,30 > 1,3C(:):[0,) X [0,0) — R, locally bounded,

Jy M A@(s,up) lIg-< C(ll ug Ny, ). (2.3)
Then, the semigroup {T(t)} has a global attractor in cly (D (My)).
For the proof of the theorem, we verify the conditions of Lemma 2.1.1. as

shown in The present lemmas have been proved in [5].

Lemma 2.2.1. Under the assumptions the semigroup {T(t)} on clyD(My) is
completely continuous and bounded dissipative.
Now we prove the existence of global attractor for problems (1.1)-(1.2). We make the
following assumptions:
Assumption 2.3.1. o(-) is differentiable on R* = [0, «0) and satisfies the conditions:
kolv|™ < 0(v?) and ko|v|™ < o' (v?)v?
and
2
ko (v?)v? < [} a(m)dn
for v € R where m > 0 and k, k; are some positive constants.

Assumption 2.3.2. g(u) is a globally Lipschitz function on R with g(0) = 0.
Assumption 2.3.3. f belongs to L?(Q).



Let H = L2(Q) and X = W;"™*?(Q). W,;"™*?(Q) is known to be a reflexive Banach
space with X* = W ~1m+1/(m+2) |t is also well-known that W,""**(Q) is compactly
imbedded into L2(£). Consider the non linear operator A: X - X*,

(Au,w)y« x = [, o(|Vul|*)Vu - Vwdx,w € X,
and denote by N a substitution operator on H corresponding to —g(u) — f. We easily

see that A(v) = J'(v), Gateaux derivative of the functional

Jw) =20, 1™ omydndx.
By our assumption on ¢(-) we see also
(Au, u)y- x = k |l Vu 17213
for some k > 0. Let us show that the second assumption on A in theorem 2.2.1 is also

satisfied. Taking u = u(:,uy) , a strong solution for uy € D(4y), we have,
0w 13 Q)+ Vau I3 Ly w1 41 F gl i,
which ensures the estimate:
Jo WVu(s,ue) Im33 ds < C(llug ll,,7),7 >0,

with a bounded function C: [0, +) X [0, +c) = R. From this result together with the
definition of A we obtain, for 6 = (m + 1)/(m + 2),

Il Vu(s, ug) 19599 gs.

T 0 T
J5 1 Au(s,ug 1§ ds < | o

0
< Cllugll,, ) < o0, T>0.
Applying theorem 2.2.1, we can conclude that the semigroup on L2(Q) generated by

(1.1)-(1.2) has a global attractor 4 in L?(().

3. Conclusion

In conclusion of this paper we would like to remark that under assumptions on
a(+), g(u) and f(x) and employed J.K. Hale dissipative system theory, the existence

global attractor in L?(Q) of nonlinear parabolic equations (1.1)-(1.2) can be proved.

References

[1] A. Haraux, Nonlinear evolution equations-Global behavior of solutions, Lecture
Notes in Mathematics, 841, Springer, 1981.

[2] A.V. Bavin, M. |. Vishik, Attractors of evolution equations, North-Holland,
Amsterdam, 1992.

[3] H. Brezis, Operateurs maximaaux monotones et semi-groupes de contractions

dans les espaces de Hilbert, North-Holland, Amsterdam, 1973.



[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]
[13]

J. K. Hale, Asymptotic Behavior of Dissipative Systems, AMS, Providence,
RI,1988.

J. W. Cholewa, T. Dlotko, Global attractors in abstract parabolic problems,
Cambridge Univ. Press., 2000.

J. W. Cholewa, T. Dlotko, "Global attractor for sectorial evolutionary equations”,
J. Differential Equations, Vol.125, pp.27-39, 1996.

M. Nakao, "L" estimates of solutions of some nonlinear degenerate diffusion
equations", J.Math. Soc. Japan, Vol. 37, pp. 41-63, 1985.

M. Nakao, C. Chen, "Global existence and gradient estimate for the quasilinear
parabolic equations of m-Laplacian type with a nonlinear convection term", J.
Diff. Egns. Vol. 162, pp. 224-250, 2000.

M .Nakao, Y. Ohara, "Gradient estimate of periodic solution for some
quasilinear parabolic equations", J. Math. Anal. Appl. , Vol. 204, pp.868-883,
1996.

M.Tsutsumi, "Existence and nonexistence of global solutions for nonlinear
parabolic equations", Publ. RIMS, Vol. 17, pp.211-229, 1993.

M. Nakao, N. Aris, "Global attractor for a quasilinear parabolic equation of mean

curvature type", International Journal of Dynamical systems and Differential
Equations, Vol. 1, No. 1, pp.75-84, 2008.

R.A. Adams, Sobolev space, 2nd edition, Academic Press, New York, 2003.

R. Temam, Infinite dimensional dynamical systems in mechanics and physics,
Springer, New York, 1997.

[KEMBALI KE DAFTAR 1S]]




