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ABSTRACT 
 

Existence of global attractor in ܮ  for a nonlinear parabolic equation: 
ଶ  are proved under assumptions that ߪሺ  is a function like ߪ

a ally Lipschitz functions, ݂ belongs toܮଶሺΩሻ, an s a bounded domain in ܴ௡.  
 
 

1. Introduction 
This paper is concerned with the study of the existence of a global attractor for 

nonlinear parabolic equation: 

          (1.1) 

,ݔሺݑ   0ሻ ൌ ଴ሺݑ                          (1.2) 

where, ߪሺ  is a function like ߪሺ  and ݃ሺ  is a globally Lipschitz function . 

This is one of the most typical nonlinear parabolic equation and investigated from 

various points of view ( [3], [6], [8], [9], [11] etc.). 

The global attractor is a basic concept and tool to study asymptotic behaviors 

of solutions on evolution equations. It is an invariant compact set absorbing all the 

bounded sets as time goes to infinity.  In recent years several author have developed 

this problem. Specially we cite the monographs by ([1], [2], [5], [13]). 

The main purpose of this paper is to study the existence of global attractor A. 

Take the form of the abstract evolutionary equations with monotone principle part and 

employe some dissipative theory from [4] and develop it with using some result from 

[5]. Some theoritical considerations are mostly based on [2], [4] and [12].  

 

2   Preliminaries and Results. 
2.1   Semigroups and stability sets  
           In this section, some basic ideas and  in the theory of dynamical systems are 

developed. 

Definition 2.1.1.  Let ܸ be a metric space. The evolution of dynamical system in ܸ is 

described by a family of operators ሼܶ  of maps ܸ into itself. The family is called a ܥ  

semigroup if it satisfies   

    1.  ܶሺ , identity  map on ܸ,  



    3.  ሻThe function ሾ0,∞ ൈ ܸ ד ሺݐ, ሻݔ ՜ ܶሺݐሻݔ  is continuous at each point 

ሺݐ, ሻݔ א

 

            For purposes of convinience, we shall introduce several concepts closely 

igroup ሼܶሺݐሻሽ  if   ܶሺݐሻܣ ൌ ݐ for  ܣ א ܴ. 

Let ܤଵ,  ଶ be two subsets of ܸ. We say thatܤ

ܶ ,ଶܤሻݐ ଵሻܤ ՜ ݐ ݏܽ     0 ՜ ൅∞ 

sup
௕మ்אሺ௧ሻ஻మ

inf
௕భא஻భ

,௏ሺܾଵ ݐݏ݅݀  ܾଶሻ. 

• The ሺݐሻሽ id to be point dissipative if there is a bounded set 

of ܸ. 

 

1. n neighborhood U of ܣ there exist an open 

neighborhood ܹ of ܣ such that ܶሺݐሻܹ ؿ ܷ for all ݐ ൒ 0;  

 is s oint lying 

nd attracts some 

 bounded set of ܸ. 

 

ficient c

existe

oth and keep orbits bounded sets bounded then ሼܶሺݐሻሽ 

as a global attractor in ܸ.  

ሻሽ is

n oint dissipative on ܸ, then ሼܶሺݐሻሽ has a global attractor in 

.  

 

 

ܸ. 

related to Definition 2.1.1 above. 

is an invariant set for sem ܣ •

  ଵ ifܤ ሻሽ-attracted byݐଶ is ሼܶሺܤ •

 ݀ሺ ሺ

where, for each ݐ ൒ 0, 

 ݀ሺܶሺݐሻܤଶ, ଵሻܤ ൌ

semigroup ሼܶ  is sa

ܸ that attracts each point ܤ ؿ

Definition 2.1.2.   Let ܣ ؿ ܸ be nonempty and ሼܶሺݐሻሽ invariant. We say that,  

is stable if and only if for each ope ܣ

ܣ is asymptotically stable if and only if ܣ .2 table and attracts each p

in some open neighborhood of ܣ.  

is stable a ܣ is uniformly asymptotically stable if and only if ܣ .3

open neighborhood of itself.  

     

Definition 2.1.3.   ܣ ؿ ܸ is a global attractor for semigroup ሼܶሺݐሻሽ௧ஹ଴ if ܣ is compact, 

ሼܶሺݐሻሽ invariant set and attracts every

The theorem and lemma stated below, due to [4], gives suf onditions for the 

nce of a global attractor. 

 

Theorem 2.1.1. Let ሼܶሺݐሻሽ be a ܥ଴ semigroup on a metric space ܸ. If ሼܶሺݐሻሽ is point 

dissipative, asymptotically smo

h

 

Lemma 2.1.1. Let ሼܶሺݐሻሽ be a ܥ଴ semigroup on a metric space ܸ. If ሼܶሺݐ  

completely continuous a d p

ܸ



Outline of the proof

By Theorem 2.1 it suffices to show that for any b unded  there exists ݐ஻ ൐ 0 such 

.  

o set ܤ

that ׫௧ஹ௧್ ܶሺݐሻܤ is bounded. Since ሼܶሺݐሻሽ is compact ܶሺݐሻܥ is precompact for ܥ, a 

ounded set, and it is only necessary to show that orbits of compact sets are bounded. 

et ܪ be a compact set. Since ሼܶሺݐሻሽ is point dissipative, there is an open bounded set 

א there is an integer ݊଴ ,ܪ ൌ ݊଴ሺݔ,  ሻ with the property thatܤ

௫ of ݔ

௡బሻ ௫ܰ א ܤ

ഥܭ ሺݐ௡ሻ

1 unde

 
he abstra form of the problem 

 Now, we co lu quation which has a monotone

tor as a principal term. Based on the r 5], a feature of

problems is that the dissipation properties of the nonlinear main part operator are often 

uch strong. 

e with dual ܺכ and ܪ be a Hilbert space such 

that ܺ ؿ

ߣ ՜ ݑሺܣۃ ൅ ,ሻݒߣ  , ݏݑ݋ݑ݊݅ݐ݊݋ܿ  ݏ݅ ۄݓ

ݒ   

 e i.e.  

lim
௡՜ஶ

஺ۃ

೙

b

L

ݔ such that for any ܤ

ܶሺݐ௡ሻݔ א ݊ for ܤ ൒ ݊଴. By the continuity of ሼܶሺݐሻሽ, there is a neighborhood ܰ  such 

that ሺݐ .  

Let ሼ ௫ܰ೔ , ݅ ൌ 1,2, … , ሻܪLet ܰሺ .ܪ ሽ be a finite covering of݌ ൌ max݊଴ሺݔ௜, ܭ ,ሻܤ ൌ  ܤሻݐሺ݈ܶܥ

and ൌ׫௡ିଵே ሺܭሻܶሺݐ௡ሻܤ. Then, ܶ ܤ ؿ ݊ ഥ forܭ ൒ 1. Also ܶሺݐ௡ሻܪ ؿ ݊ ഥ forܭ ൒ ݊଴ሺܪሻ ൅

 and ׫௧ஹ௧್ ܶሺݐሻܤ is bo d.  

2.2. T ct 
nsider an abstract evo tion e  

opera esult in [  particular  such 

m

 Let ܺ be a reflexive Banach spac

 .ܪ dense in ܺ ,ܪ

 We assume that an operator ܣ: ܺ ՜    :satisfies כܺ

ܺ is hemicontinuous from ܣ  .1     ՜ ,ݑ׊ .i.e ,כܺ ,ݒ ݓ א ܺ the function,  

 

ሻݑሺܣۃ .is monotone i.e ܣ  .2    െ ,ሻݒሺܣ ݑ െ ۄ ൒ 0    ,ݑ׊ ݒ א ܺ,  

is coerciv ܣ  .3   

 ሺ௩೙ሻ,௩೙ۄ
௩צ ೉צ

ൌ ∞ 

௡ሽݒሼ׊ ؿ ܺ such that צ ௡ݒ צ  ௑՜ ∞. 

 We assume further a operator ܰ from ܪ to ܪ is globally Lipschitz map with Lipshitz 

constant ܮே  the operator ܣு from ܪ to ܪ defined by  

 ு    for    ݑ א ுሻܯሺܦ ൌ׷ ሼݒ א ሻݒሺܯ|ܺ א  ሽܪ

 is a maximal monotone operator in ܪ. 

Consider thus the a chy Proble in ܪ: 

. It is known ( cf. [3]) that

ܣ ൌ ሻݑሺܣ

bstract Cau m 

 ௗ
ௗ௧
ሻݐሺݑ ൅ ሻݐሺݑܣ ܰሺݑሺݐሻሻ ൌ ݐ                        0 ൒ 0, (

ሺ0ሻݑ  ൌ ଴ 

൅ 2.1) 

ݑ (2.2) 

 
 



Definit

 A function ݑ א :ሺሾ0,∞ሿܥ ሻ is a strong solution of (2.1ܪ

absolutely continuous on each subinter

equation for ܽ. ݁.  .and equation (2.1) is satisfied .ݐ

• A function ݑ א :ሺሾ0,∞ሿܥ  ሻ is said to be a weak solution of the problem ifܪ

ce of ሼݑ௡ሽ of strong solutions convergent to ݑ א

The  embedding 

satisfie iti

,ݐሺݑܣۃ ,଴ሻݑ ,ݐሺݑ ۄ଴ሻݑ ൒ ߱ଵ צ ,ݐሺݑ ଴ሻݑ ௑൅צ ,ଵܥ ܽ. ݁. ݐ ൐ 0 

and  

ሻ ՜ ܴ

ሺݑሺݏ, ଴ሻݑ כ௑צ
ఏ ൑ צሺܥ ଴ݑ ,ுצ ߬ሻ.           (2.3)                    

Then, the semigroup ሼܶሺݐሻሽ has a global attractor in ݈ܿுሺܦሺܯுሻሻ.    

 or the proof of the theorem, we verify the conditions of Lemma 2.1.1. as 

n in The present lemmas have been proved in [5].   

 

Lemma 2.2.1.   Under the assumptions the semigroup ሼܶሺ ݈ܿுܦሺܯுሻ is
completely continuous and bounded dissipative.  

ssumption 2.3.1.  ߪሺڄሻ is differentiable on ܴ ൌ ሾ0,∞ሻ and satisfies the conditions:  

ଶݒଶሻݒ

ܴ where ݉ ൒ 0 and ݇଴, ݇ଵ are some positive constants.    

ݑ itz function

Assumption 2.3.3.   ݂ belongs to ܮଶሺΩሻ.  

ion 2.2.1. (See [3, pp. 26]) 

• )-(2.2) if it is 

val in ሺ0,∞ሻ and satisfies the 

there exists a sequen

,ሺሾ0ܥ ߬ሿ: ߬ ሻ for eachܪ ൐ 0. It is known also that for each ݑ଴ א  ுሻ thereܣሺܦ

exists a unique strong solution and for each ݑ଴ א  there exist a unique ܪ

weak solution ݑሺݐ,  :଴ሻ. We writeݑ

 ܶሺݐሻݑ଴ ൌ ,ݐሺݑ  ଴ሻݑ

 

orem 2.2.1.   We assume further that the ܺ ؿ  ܣ is compact and ܪ

s the following two cond ons:  

,ଵ߱׌ ଵܿ׌ א ܴ, ݌׌ ൐ 2, ଴ݑ׊ א  ுሻܣሺܦ
௣ 

߬׌                           ൐ 0, ߠ׌ ൐ 1, :ሻڄሺܥ׌ ሾ0,∞ሻ ൈ ሾ0,∞ ,  locally bounded, 

׬   ఛ଴ צ ܣ

F

show

  ሻሽ onݐ

 
Now we prove the existence of  global attractor for problems (1.1)-(1.2). We make the 

following assumptions:    
ାA

 ݇଴|ݒ|௠ ൑ ௠|ݒ|ଶሻ ܽ݊݀ ݇଴ݒሺߪ ൑ Ԣሺߪ  

 and  

 ݇ଵߪሺݒଶሻݒଶ ൑ ׬  ௩మ

଴  ߟሻ݀ߟሺߪ

 for ݒ א

Assumption 2.3.2.  ݃ሺ ሻ is a globally Lipsch  on ܴ with ݃ሺ0ሻ ൌ 0.    

 



 Let ܪ ൌ ܺ ଶሺΩሻ andܮ ൌ ଴ܹ
ଵ,௠ାଶሺΩሻ. ଴ܹ

ଵ,௠ାଶሺΩሻ known to be a reflexive Banac is h 
ଵ,ሺ௠ା ାଶሺΩሻ is compactly 

:ܣ ܺ ՜   ,כܺ

௑,כ௑ۄݓ,ݑܣۃ  ൌ ׬  Ω |ݑ׏|ሺߪ
ଶሻݑ׏ ڄ ݓ,ݔ݀ݓ׏ א ܺ, 

enote by bstitution operator on ܪ c

ൌ ሻ, Gateaux deݒԢሺܬ

ଶ

space with ܺכ ൌ ܹି ଵሻ/ሺ௠ାଶሻ. It is also well-known that ଴ܹ
ଵ,௠

imbedded into ܮଶሺΩሻ. Consider the non linear operator 

and d  ܰ a su orresponding to െ݃ሺݑሻ െ ݂. We easily 

see that ܣሺݒሻ rivative of the functional  

ሻݒሺܬ  ൌ ଵ׬ ׬  ௩|మ׏|  ሺΩߪ ଴  .ݔ݀ߟሻ݀ߟ

By our assumption on ߪሺڄሻ we see also  

ଶ

݇ ൐ 0. Let u  in theorem 2.2.1 is also ܣ 

satisfie  Taking ݑ ൌ ,ڄሺݑ ଴ݑ ଴ሻ , a strong solution forݑ א ,ுሻܣሺܦ e have,  
ଵ
ଶ

,ݑܣۃ  ௑,כ௑ۄݑ ൒ ݇ צ ݑ׏ ௠ାצ
௠ାଶ. 

for some s show that the second assumption on

d.  w

 ௗ
ௗ௧
צ ݑ ଶଶצ ሺΩሻ൅צ ݑ׏ ௠ାଶצ

௠ାଶ൑ ேܮ צ ݑ ଶଶצ ൅צ ݂ צଶצ ݑ  ,ଶצ

which ensures the estimate:  

଴ ଶ

unction ܥ: From this ther with the 

definition of ܣ we obtain, for ߠ ൌ ሺ݉ ൅ 1ሻ/ሺ݉ ൅ 2ሻ,  

,ݏሺݑ ଴ݑ כ௑צ
ఏ  ݏ݀ ൑ ׬   ఛ଴ צ ,ݏሺݑ׏ ଴ሻݑ ௠ାଶצ

ሺ௠ାଵሻఏሻ  .ݏ݀

 ൑ צሺܥ  ଴ݑ ,ଶצ ߬ሻ ൏ ∞, ߬ ൐ 0  

tor ܣ in ܮଶሺΩሻ.  

 

3. Conclusion 

׬   ఛ צ ,ݏሺݑ׏ ଴ሻݑ ௠ାଶצ
௠ାଶ  ݏ݀ ൑ צሺܥ  ଴ݑ צ , ߬ሻ, ߬ ൐ 0, 

with a bounded f ሾ0, ൅∞ሻ ൈ ሾ0, ൅∞ሻ ՜ ܴ.  result toge

׬   ఛ଴ צ ܣ

 .

Applying theorem 2.2.1, we can conclude that the semigroup on ܮଶሺΩሻ generated by 

(1.1)-(1.2) has a global attrac

 
 In conclusion of this paper we would like to remark that under assumptions on 

ሻ, g(u) and f(x) and employed J.Kڄሺߪ le . Ha dissipative system theory, the existence 

lobal attractor in ܮଶሺΩሻ of nonlinear parabolic equations (1.1)-(1.2) can be proved. 
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