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ABSTRACT

STABILITY PROPERTIES of the generalized Volterra-Lotka models are
investigated. The aim is to evaluate the given sufficient-conditions and ultimately to
improve the results in analysing global stability of the models. The application of the
Poincare transformation and Lyapunov function are demonstrated in deriving the
sufficient conditions and proving.them respectively. At the same time, a set of
sufficient conditions is established for a specific model of Volterra-Lotka type as a
generalization. Some numerical examples and computer simulations of the models
are also given to demaonstrate how the theorems work and meet each other. Finally,
the global properties of the models are revealed as much in a simple manner as

possible.
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INTRODUCTION

A MATHEMATICAL model is the representation of a system or process in mathematical
.form, most commonly as an equation or set of equations.

As an example consider two or more species of animals. For simplicity, namely
ifoxcs and rabbits wherein one of which feeds on the other. Given the natural growth rates
»:f'of the species and the effect of the interaction, what can be said on the growth of the
sﬁecies? This leads to a question of modelling which is known as predator-prey systems,
Differential equations are ideally suited to describe the change of a given quantity as the
ime passes.

Even the simplest equations of population biology are nonlinear. Either predator-
prey interactions, competing species or mutualism in ecological processes, for instance,
z‘:‘_consists of ordinary differential equations with quadratic right-hand sides. These models
- were first introduced by Vito Volterra about 70 years ago. Many investigations have since

- been conducted into this field of study.

1.1 GENERAL BACKGROUND

Recently there has been considerable interest in the generalized Volterra-Lotka
‘,?':.'models particularly in analysing global stability of systems of either two or more species
interactions. Local stability of a critical point in systems of ordinary differential equations
obviously does not necessarily imply its global stability. By giving a simple example,
- Goh (1976) showed that two-species interactions in Volterra-Lotka models inay have a
locally stable equilibrium without being globally stable. It also then follows that for
many-species interactions the generalized Volterra-Lotka model whose nontrivial
equilibrium is locally stable may not be globally stable (Goh, 1977). However, there are
some specific conditions under which the local stability of the equilibrium of the

generalized Volterra-Lotka model implies global stability. .
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In addition to Goh's work (1976, 1977), there is the work of Hsu (1978) who
attempted to enrich the results by the use of the Poincare transformation as a tool for
analysing the stability of the models. Hastings (1978) also extended and developed
sufficient conditions for global stability of gencralized Volterra-Lotka models whose the
per capita growth rates are nonlinear. On the other hand, it is very unfortunate that the
few global results that have been achieved up until now hold only under very restrictive
hypothesis. The limitation, for example, is very weak results that could not be employed
to real ecosystems (Krikorian, 1979). Furthermore, the results obtained in Hastings
(1978), according to Kuang (1990), especially the last part of the theorem in establishing
sufficient conditions for global stability if the per capita growth rates are nonlinear, is not
rigorously proven. It is a well known fact that global analysis in higher dimension is far
more relevant to ecology than that of local eigenvalue analysis.
| The philosophy underpinning this thesis is inspiréd by those articles (Goh 1976,
1977 and Hsu, 1978). These projects, especially the former, proposed sufficient
conditions not only for two-species systems 10 be globally stable but also for multispecies
interactions of the generalized Volterra-Lotka models. This suggested the set of sufficient
conditions of the models to be globally stable if it has a feasible equilibrium and at the
same time there exists a positive diagonal matrix F such that F E + ET F < 0. Yet, in two
species systems, it is still likely to find a constant positive diagonal matrix F such that
F E + ET F is negative definite even though E + ET is not negative definite. As a result,
there is a set of three conditions specifically introduced by Goh (1976) which are
sufficient for the systems to be globally stable, viz. it has a positive equilibrium in the
feasible region, the equilibrium is locally stable, and both species sustain density-
dependent mortalities due to intraspecific interactions.

Mathematically, the last part of the condition means that €; <0 (i=1,2). Asa
matter of fact, we can still establish global stability of such models, in some cases, even if
the condition g; <0 (i = 1, 2) is violated; we do this by first subjecting the models to the
so-called the Poincare transformation. The objective of this project is therefore to evaluate

the given sufficient conditions and specifically to establish the set of sufficient conditions
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under the Poincare transformation. It is also of interest to examine a specific Volterra-
‘Lotka model and ultimately to construct its sufficient conditions.

Besides, the discussion, especially in giving a generalization and some numerical
éxamples, is wittingly focussing on system of the two and three-species interactions only.
This is so to avoid complicated computations; they are difficult to analyze and can have
complicated behavior. In addition, according to Smale (1976), differential equations used
in ecosystems to describe competing species do not reveal much if the number of species
is more than three. At the same time, some numerical examples and simulations of the
models are implemented to the system of two and three-species interactions. To find the
eigenvalues of the corresponding matrices at the equilibria of the systems, available
computer software, i. e., Matcalc is used. To implement numerical simulations, a simple
program is created by using Minitab.

It is of interest that this thesis is ultimately enhancing the results that have been
achieved by the preceding projects. These phenomena will therefore eliminate the point of
view which says Volterra-Lotka model is too simple to realistically reflect the ecological
processes. Finally, global propertiés of the solutions of the models will be revealed as

much in a simple manner as possibleion the basis that have just been described.

1.2 STABILITY IN ECOSYSTEMS

A general method to study stability in an ecosystems model is by an investigation of
the eigenvalues of a matrix at an equilibrium. This method establishes stability only
relative to small perturbations of the initial state. Therefore it is described as local stability
of such model. In the concrete case, on the other hand, ecological processes are subjected
to large perturbations of the initial state and dynamical systems. The most powerful
analytical method for examining stability relative to finite perturbations of the initial state
of the model is the direct method of Lyapunov. This is usually referred to as global
stability. Hence the construction of a certain function, called Lyapunov function, is of

course required.
Koleksi Perpustakaan Universitas terbuka
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Any point (x,, ¥o) such that F(xy, yo) = G(xo, yo) = 0 is described as a critical point or
equilibritun point. That is, if a system is at a stationary point at one instant in time, it will
yeimain at that point at the next instant. The point that is not a critical point is termed as a
regular point. The critical point, furthermore, could either be stable or unstable. If a
system is disturbed slightly from the critical point and it returns to that point, then the
critical point is called stable; more preciscly, it possesses neighborhood stability. I,
conversely, a s‘ySlen'n is disturbed slightly from a critical point and it continues to move

further away from that point, then the critical point is unstable (Figure 1).

@ \ /{_/\_\,_/./_ ' Gy 2\_/ \ /

(iii) *\- - -/\- - _—/— — t

Figure 1: (i) Stable, (ii) Unstable and (iii)
Asymptotically stable critical point

The functions F(x, y) and G(x, y) can be nonlinear. A solution, that is a curve of
the system is described as a rrajectory. It might be thought further of as the path of a
particle moving in the xy-plane which is often called the phase plane. In the case of two

trajectories which are close at some time and they remain close as t — oo, such situation

“is referred to as asympiotic stability. The behavior in the neighbourhood of the critical
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point is a question of local stability and the larger matter of what happens in case the
original state is not near critical point is one of global stability.
Most critical ponits are of one of the following types; they are node, saddle point,

centre and spiral point (Figure. 2, 3, 4 and 5 respectively)
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Figure 2: Nodeat P, Figure 3: Saddic Pointat P,

/
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%

Figure4: Cenucat P, Figure 5: Spiral Point at P,

Definition 1.1

Consider system of the form

X' = mx + ny

(2)
Y'= px+qy
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with m, n, p and q are constants such that mq - np #0. Then, the origin (0, 0) is the
only critical point of the sysicms. If Arand A, are the roots of characteristics equation
of the two by two matrix [;1 ?l]’ and the roots are the eigenvalues of this'matrix
yields 22-(m + q) A+ (mq - np) = 0, then there arefive possible cases, viz.
CASE 1. If A;and A; are real, unequal and of the same sign, the critical point is termed
as a node. It is asymptotically stable if A, A < 0 and it is unstable if 1;, 1, > 0.
CASE 2. If A;and A3 are real and equal, the critical point is called node. It A; < 0, itis
asymptotically stable; if A; > 0, it is unstable.
CASE 3. If A;and A; are real, unequal and of opposite sign, the critical point is
referred to. as saddle point and it is unstable.
CASE 4. If A; and A are in the form of complex conjugates with nonzcro rcal parts,
the critical point is described as a spiral point. If A; and. A have positive real parts, it is
unstable. If A; and A, have negative real parts, it is asymptotically stable.
CASE 5. If A;and A; are pure imaginary, the critical point is a centre and it is stable.

In connection with the discussion on global stability as proposed by Goh (1976,
1977) and Hsu (1978), the case that is-desired is particularly if A; and A; are having

negative real parts (Goh, 1980).
Definition 1.2

Consider system of the form

X' = mx+ny+ V(x,y)

3)
Y'= px+qy+ W,y

Assume that

(@) mq-np #0, V(x,y), W(x, y) have continuous first partial derivatives for x and y
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by m { Vix,y) 3 _ lim {W(x, y) J =0
(x.9)-(0.0) ,/———9_,(2 v y2 o0 fa T T

(¢) (0, 0) is a critical point, i. e., V(0, 0) = 0 and W(0, 0) = 0.

Then, let 4 and A; be the roots of A2 - (m + q) A + (mq - np) = 0, the auxiliary
equation of the associated ]inear system (2). The‘n, (2) and (3) both have the same -
behavior at (0, 0) in the following cases, viz. .

CASE A. The system (3) and (2) have a node at (0, 0) if il = A and real, except for
m=q #0and n = p = 0. If the latter occurs, (0, 0) is a node of the system (3), but may
be either a node or spiral point of (2). ;
CASE B. The system (2) and (3) both have a node at (0, 0) if A; and A, are real,
unequal and of the same sign.

CASE C. The system (2) and (3) both have a saddle point at (0,0) if A; and A, are real
and of opposite sign.

CASE D. The system (2) and (3) both have a‘spiral point at (0, 0) if A; and A, are

complex conjugates with nonzero real parts.

1.4 PREDATOR-PREY MODELS

Géncrally speaking, direct interactions between two or more species can be
categorized into three classifications, they arc:
(i) Predation (+, -): one species (predator) has an inhibiting effect on the growth of the
other (prey) and at the same time the prey has an enhancing effect on the predator
(ii) Competition (-, -): each species has an inhibiting effect on the growth of the other
(i) Mumalism (+, +): each species has an accelerating effect on the growth of the
other.
An inhibiting effect implies either a decrease in the birth rate or an increase in the death
rate. Then let X be the prey density and Y the predator's with assumptions:

(i) the density of a species is represented as a function of a single variable; age and sex

differences are negligible
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(i) there are no random effects in the environment influencing the interaction between
X and Y; changes in density are deterministic
_ (iii) the effects of interactions within and between species are instantaneous; the delay

between the moment a predator kills a prey as well as the moment when the

-

ingested material is converted into part of a new predator are ignored.
In the absence of predators, it is expected that no inhibition in the growth of the prey.

A simple growth relation for X could be

X' =aX )

where tis time and a is positive integer rate constant.
X =X, el (5)

is the solution of ordinary differential equation (4); where X, is the initial population
density. According to (4), X will incline.in time exponeatially. Such growth behavior,
however, is reasonable for a limited time only; gradually an enhancing population will
exhaust its resources. Therefore, X will either settle down to some steady value,
fluctuate between various level or decline. -

Without prey, the predators Y are expected to decline in the absence of prey. Their

decline can be represented in terms of the exponentially decaying solution
YO e-bl

of the differential equation

Y =-bY | 6

Koleksi Perpustakaan Universitas terbuka
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where b is constant integer. Similar to (5), the exponentially decreasing population of
predators Y is only reasonable for a limited period of time, as Y becomes extinct in a
finite rather than an inﬁnﬁe amount of time if lack of prey X.

Assuming, as Volterra-Lotka did, that in the absence of predation X follows a
vlogistic growth curve and that the rate at Which prey is killed is proportional to the product

of the densities of predator and prey, then we are led to the following model

X' =mX - nX2 - pXY

7
Y =-qY +rXY

~where m, n, p, g, and r are all positive constants. The assumptions in (7) are valid under
the following conditions: (Jones & Sleeman, 1983)
“(i) one or both species move at random
(i) when they meet, there is a constant probability that the predator will kill the prey
(iii) the time taken by thé predator to'consume the prey is negligible.
Suppose, for instance, a constant number X* of the prey can find some cover or

refuge which makes them safe from the predator, system (7) is modified to the form

X'

]

mX - nX2 - pY (X - X¥)

®)
Y =-qY + 1Y (X - X¥)

Koleksi Perpustakaan Universitas terbuka
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:Chapter Two
THE MODELS AND ANALYSIS

2.1 THE MODELS

The model to be considered here is the generalized Volterra-Lotka models for
many-species interactions in which the species might be competitors, predators and prey,

or otherwise related (Goh, 1977), that is

X, =Xi {4+ Y 65 X (1)) 9)
. ’ j=1

X, = —dT‘ denotes differentiation with respect to time ¢for i =1, 2, ..., n and ¢; are

positive constants. The growth coefficients are given by
n
o + 2 €ij X; (10)
. j=1

A nontrivial equilibrium at (X; N X; ) eees X:) is a solution of

o+ D EjXj =0 (102)

for i=1,..,n and matrix E = g; is nonsingular. By definition, this equilibrium is
feasible if X; >0 for i =1, .., n.

Volterra-Lotka models form the simplest class of nonlinear population models. A
highly nonlinear population may always be approached by this model in the
neighbourhood of the equilibrium. Therefore the analysis of a model of a community may
provide more information on its stability properties of that community rather than the

eigenvalues analysis of a more nonlinear model of the system.
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2.2 THE LYAPUNOV FUNCTIONS

A general way of establishing global stability in system of differential equations is
that of applying a Lyapunov function. All the same, in nonlinear system, it is not easy to
find the appropriate one. The Lyapunov function itself, however, should have the
following conditions (Goh, 1977), viz.

(i) it should have a unique global minimum at the equilibrium

(ii) its time derivative should be negative.

Goh (1976) proposed the Lyapunov function for model (9)

w= fi{Xi-X;-X;In(XyX])) (11)

with F = diag (f, f2, ... J»). We need to show that (11) satisfies condition (i) and (ii)

above, that is by letting
H(x)=x-x*-x*In (x/x*)

where x*> 0.

Then, it is clear that H(x) is defined for x > 0.
H(x) = 1-(x"Ix)
If 0 <x<x* then H(x) <0
If x >x* then H(x) >0

Therefore H(x) has a global minimum at x*, for x > 0. Condition (i) holds.

Koleksi Perpustakaan Universitas terbuka
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"The time derivative of the y function in (11) computed along the solutions of (9),

n
where ¢; + E €;jX; = 0, as follows
j=1

v =N i (X - X3 (X}x)
V= dx-xrEEcER XX < 0

for all (X #X*), since (F E + ETF) < 0,1i.e., (F E + ETF) is negative definite.

Condition (ii) holds.

Note: the complete description of this result is discussed.in the part of Theorem 2.2.

2.3 LOCAL STABILITY

The usual method of studying two-species interactions of the generalized Volterra-
Lotka models is by graphical analysis. Instead, the graphical analysis of the two-
competing-species specifically suggests that local stability of the model implies its global
stability. However, for model with three or more competing species, this result is not
necessarily true. Moreover, for model whose having a single prey and a single predator
system, it is likely to have a positive critical point which is just locally stable.

Consider model (9) for two-species systems, that is
, 2
X, =Xi {i+ Y e X;) (12)
, . Jj=1
with i =1, 2; Maoadel (12), furthermore, can be written in the f()llowil\g form

Koleksi Perpustakaan Universitas terbuka
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’

X, =Xi (91 + €11 X1+ €3X))

’ (13)
X, =Xo(¢2+ &1 X;+ £2X3)

where ¢; and g; are positive constants. There are four possible nontrivial critical points

of (13), denoted by (X,, X;), given by

® C;=(0,0), (i) Cr=(0,-¢uex) , (i) Cz =(- ¢/, 0), and

(V) Cy = ( [ 812(5: ¢1 €22 , JRZY (-sd’z 811) | (14)

where 8= (g5 £22 - €1 &21). For feasible equilibrium we require

E E
o < D2 o <8 (550
€22 Er]

and
$2£;2 1 €21
o > 2282 g fren
€32 £l

for 6§ < 0

The diagonal elements of \g;; give intraspecific interactions. If the equilibrium level of the
13 3 ‘ 3 . 3 . . * 3 . 3 .
first species X is low, it is possible that €7y > 0. Whereas, if X, is large, it is likely

that £;; < 0. This is to say that density-dependent mortalitics due to intraspecific
- . - 3 . . *
interactions occurred. Similar remarks apply to the relationship between X, and &;.

System (13) is locally stable if it satisfies the following suflicient conditions, viz.

X; & + X; €2 < 0 (15)

and
(X, X,) (€11 €2 - &2 &21) > 0 (16)

Koleksi Perpustakaan Universitas terbuka
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As neutral or asymptotic stability is irrelevant in theoretical ecology, therefore (15) and
(16) are necessary and sufficient conditions for (X;, X;) to be locally stable which is

known as Routh-Hurwitz stability criterion (see Goh, 1980).
In a two species competition, £;2, £2; < 0. In two species mutualism, g2, £ > 0.
It implies that for both cases, €, &; > 0. Inorder for (15) and (16) to be satisfied at

* * . . .
X, X, > 0, then g, £, need 10 be negative. In a model of an interaction between a
single prey and a single predator, it is not necessary for £;; and £ to be both negative.

Correspondingly, in many species interactions, the nontrivial equilibrium given by

(X}, X5, ..., X.) of model (9)is the solution of (10a). This model may have up toa

maximum of 27 equilibrium (Goh, 1980; p. 187). By definition, X* is a feasible (or

positive) equilibrium if X: >0 (i=0, .., n). Applying (10a).to.(9), gives

n
4 *
X‘. = X; E E;j(Xj-Xj) (17)

J=1

-

Provided that g; = F; (Xj) at X* and X" is the equilibrium of (9), then (17) is a local

approximation of (9). The equilibrium X* is locally stable if all the rcal parts of the eigen-
x . oy . . *
values of (X; g;) are negative. However, stability properties of the matrix (X; -g;) can

be different from those of the matrix E = (g;).
2.4 GLOBAL STABILITY ANALYSIS

There are two theorems introduced in this section as a tool for analysing global
stability of the models. The first one is the theorem of many-species interactions. This
theorem, proved by Goh:(1977), implies that a Volterra-Lotka model has a globally stable
feasible equilibrium provided there exists a positive diagonal matrix F such that F E +
ETF is negative definite [E is the matrix of interactions, E = (g;)]. The second one is the

elaboration of sufficient conditions of the two-species systems (Goh, 1976).
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Theorem 2.1 (Goh, 1977)

Model (9) is globally stable if
(i) it has a feasible equilibrium, i. e., X: >Ofori=1,..,n

(i) there exists a constant positive diagonal matrix F such that F E + ETF is negative

definite

Proof  (Following Goh, 1977)

In the universe of all possible n x n matrices, the set of singular matrices is of

measure zero. Hence for model which are not structurally unstable we can assume I to
. - . . . . .
be nonsingular. This means that X; (i = 1, ..., n) is a unique solution of

6+ D €;X; =0 (18)

It is obvious that for a viable biological system X: > 0, fori =1, ..., n. Condition (ii) of

the theorem means F E + ETF < 0 where F = diag (f;, ..., f,), fi>O0withi=1, ., n.
The appropriate Lyapunov function for the model is (11). Its time derivative computed

along the solution of (9), with the help of (18), is

n * ’
= i (Xi- X ) (X.IX))
V/ zlf ( ] ]

il

N fi(Xi- X5 (X (9 + Y, €45 Xj)IX
i=1 j=1

S g - X Y e X))
i=1 j=1

Koleksi Perpustakaan Universitas terbuka
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n n

= fi (Xi-Xt) E Eij(xj'x;)
i=1
j=1

Vo= 3 XX E TR (X - X))

(FE+ ETF) < 0 for all (X #X*). Therefore, y’ < 0. This means that the model is

globally stable. This corﬁplctcs ihe proof.

Note: this result will be used in the next theorem. '

In general cases, it is difficult to construct a constant positive diagonal matrix F
such that F E + ETF is negative semidefinite for n > 2. At the same time, when n =2, it
is still possible to find a constant positive diagonal matrix Fsuchthat FE + ETF < 0

eventhough matrix E + ET is not negative definite. Goh (1976) established a set of

sufficient conditions for a Volterra-Lotka model, of the two-species systems, to be

globally stable.
Theorem 2.2 (Goh, 1976)

Model (13) is globally stable if
(i) it has a feasible equilibrium
(ii) the equilibrium is local asymptotically stable

(iii) both species sustain density-dependent mortalitics due lo intraspecific interaction.
Proof

. * *
Mathematically, condition (i) of the theorem means there exists X; > 0 and X, > 0; -

condition (ii) implies that € €2 - €2 €; > 0; condition (iii) implies £, <0 and £»

< 0. By a graphical analysis of a given Volterra-Lotka model of the two-species systems,
- . *
for the system to persist, its nontrivial equilibrium must be positive. As X; > 0, €; <0

Koleksi Perpustakaan Universitas terbuka
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(i =1,2)and (det g >0 (i, j = 1,2), then (15) and (16) satisfied. Therefore the model

is locally stable. It is clear, from (13), that

* *
¢1=-€1 X, - € X,
, (19)
¢ = - €y X: - €22 X;
Substituting (19) to (13), gives
X, = Xi(-€en X;- €2 X, + € X+ €2X2)
20
4 * *
X, =Xa2(-€1 X, - €2 X; + & X1+ €2X3)
Equations (20) can be rewritten as follows
X, =X (X1 - X;)€u + (X2 - X;) €12)
(21)
X, =X2((X; - X)) & + (X2 - X3) £22)

A suitable Lyapunov function for this model, following from (11), is

wx) = fi (X1~ X;-X) In(XuXD) + o {Xo- X5 - X5 in (Xo/X5))  (22)

where f; and f, are positive constants. Along the solutions of (21), (22) becomes

V= fi (X - X)) (XX1) + f3 (X2 - X3) (X,/X2)
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= fi (X1 - X, Pen+fi(Xi- X)) (Xa - X)) ez +
fr (X2 - X5) (X1 - X)) eu+1r (X2 - Xp)? €2 (23)

For convenience, let W;= (X, - X;» yand Wy = (X, - X;). Then (23) can be written as |

v = (Wifi en+ (W) (W) f1en + (W) (W) e+ (W2)2f2 &2 (24)

- Equation (24), however, can be expressed either as

- fi 0 €11 Er2|[Wy ‘
v=w, wall S Lﬂ £22][Wz] (25)
or
€11 €21\ 0 W,
= (W
v=wo wa 2 2 AT 2

From (25) and (26) we have

y = % {[Wl Wl [fol f(; [8” 8”][%; +

€1 €22

€11 E21{[/f1 0o1rwy
W Wz][m 822] % A1) @
And so
W= 2 {(W)T (FE+ETF)(W)) @8)

€ € . .
where W = Vvt//; ] , E= [E;: 62] 22] , F= [fol fg] (W)T and E? are the matrix

transpose of W and E respectively.
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We will apply the sufficient conditions for global stability that there exists a feasible
—_ v ot vi . . .
equilibrium, X, X, > 0, and positive diagonal matrix F exists so that I & + ETF <.

FE+ETF

n

[fl 071 | €11 &‘12.+ €1 €21 [fi 0
0 f2 0

€21 €22] €12 €22 f2

- [)/‘1811 f1 312]+ (f1e11 12 621]

2€21 Jf28€22 [ f1 €12 f2€22

[/ 2f1€ fr€12+ f2 821}
2621 + f1€)2 2 fr€22
det (FE+ETF) = (2f1€11) (2 f2&2) - (f2 &1 + f1€12) (f1 €12+ f2 €21)

=4f1 f2 €11 €2-{fi f2€12 €21 + (f2€21)2 + (f1 €12)* + f1 [r€12 €21}

=4f1 f2 €11 €2 - {(f1 €12)> +2-f1 f2 €12 €21 + (f2€21))

=4f1 /2 €11 €2 - (fy €2 + [ €1)

(29)
: 1 0 [811 812] [811 €2 /} f1 0 .
Therefore, + < 0 if
[0 S2d ey €22 €12 €22 [0 fz]
fir en <0, f2 &2 <0 (30)
and ‘
Af1f2 €11 €2 - (fren + f2 €1)2 >0 (31)

It is clear that condition (iii) of the theorem implies €; < 0, and f;> 0 (i = 1, 2).

Therefore, (30) holds. There are three possible cases for (31), they are:
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D €2 & =0, () €269 >0, () €28 <0
In case (D), either €2 =0, &;=0o0r € = 0= &,.If g3 =0, then (31) becomes

4112 €11 €2- (2 €1)2 >0

or

(41 €11 €2 -2 (84)? >0 | (32)

It is possible to choose f;and f, be positive numbers such that (32) holds. Next

suppose that &, = 0. Then (31) becomes

411 f2 €11 €2 - (f1 €12)? > 0

or

fi (4 €11 €2 - f1 (€ ) > 0 (33)

Again we can choose f; and f be positive so that (33) holds. If g, = 0 and &) =0,

then obviously

4f1 12 €11 €22 > 0
As €11 €7 > 0 wecanchoose f; and f; to be any positive numbers.

In case (Il), €;2 €27 > 0. This implies that either €53, €27 < 0 or &), €5 > 0.

Equation (31) can be written as

411 2 €11 €2-{(f1€2)°+ 2 f1 f2e12 €21 + (f2€1)%) >0
4f1 fr €11 €2-(f1€12)2- 2f1 fr€2821 - (2€1)2 >0

4f1 2 €11 €n-4f1f2en 60 -(1€2)? +2f1 f2€12 €1 -(2621)2 >0
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4f1 f2 (€11 €2 -€12 €4) - (fi €E12- [2 €21)2>0 (34)

As €7 and £, > 0 have the same sign we can always choose positive numbers for f;

and f> such that

1 €12 = f2 &

By assumption, the equilibrium is locally stable; i. e., (€11 €22- €12 €1) > 0. Therefore
(34) holds.
In case (INI), €2 €, < 0. This implies €;; and &;; are nonzero and having

opposite signs. So, we can choose f; and f; to be positive numbers so that

fien+ f26,=0

Now €y, €2 <0 and fy, f >0, hence (31) is satisfied. Thus, in all three cases, FF

can be chosen so that F E + ETF < 0. Therefore, v’ < 0. This completes the proof.

Koleksi Perpustakaan Universitas terbuka
Chapter Two The Models and Analysis



40009.pdf

Chapter Three
STATEMENT OF RESULTS

3.1 THE POINCARE TRANSFORMATION

It is clear that Theorem 2.2 can only be applied to the generalized Volterra-Lotka
models on condition that both species sustain density-dependent mortalities due to
intraspecific interaction, i. e., €; < 0 fori = 1, 2. All the same, it ié still likely to find
global stability of such models despite the conditions being violated. This can be obtain
by first subjecting the models to the Poincare transformation. The goal here is to attempt
this method in analysing the likelihood of globally stable of a local stability at infinity.

This procedure should enhance the result in Goh. (1976), i.e., Theorem 2.2
especially in investigating the global stability of the more general models of Volterra-
Lotka type. The global stability theorems, particularly of the two-species systems, are
examined and some improvements are given in section 3.2 and 3.3,

To begin with, reconsider model .(9). Introduce new variables (Hsu, 1978), for

each i,/ <i<n and j=1, .., n,

X

ri=g U=, ri=x; U=1
or (35)
Xj=49 (j=i) xi=L =i
ri J ’ l_rj ./_
From (35),
Xj=-)}./(r,-)2 Jfor j=i 36)

Under (35), called the Poincare transformation, model (9) becomes
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R n
X, =X; {¢;+ Y, eix Xk}
k=1

’ /)
X; =X; { ¢+ 2, ex X }
/ k=1

For j =1,

’

1[¢j Eeijk-i-ZCijk-i- L‘,,(I/r,)}

k=i+1
i-1
X, = { 2 gjx (rlry) + 2 gk (rdr) + € (1ir) } 37)
k=1 k=i+1
By (36), then (37) becomes
. i-1
-rj/(r,-)2=1/(r,- r;){r,-(pj Zejk ry + Zejk ry + 8“}
k= T k=ivl
=-{(rigj +€i)+ 2 Ejk re + ): gere)  for j=i (38)
k=i+1 L.

X Xi-Xj X,

For j#i, rj= %i , then r= X)?
1 ]

'j'=‘(3(“)"z‘{(¢/ Zejkxk) (0 + 2 eix Xu) }
k=1

7}({*‘ {(¢, o)+ ( 2 Ejx (rilri) + Xe,k (rdri) + €i (1ir}))

k=i+l

- 2 Eix (rilri) + 2 Eix (rifriy+ € (1r)) )

k=i+1
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’

;= 5L ¢.)+Ze,m + Sennt g

£ k=i+1

i-1

- Z Eik Tk - Em re- i) )

k= k=i+l

ox=1, x,-=§i , then

rj,= % {r,(tp, o)+ E(E,k rg- Eik ry) + 2(8,/5 rg - E;k ry) + (€ji- eu)_}

k=i+l

’ i-1

r= f‘ {’i(¢j- ¢i) + (€ji - €;) + 2 (Ejk - Eir) ri + E (Ejx - €ir) ’k}. (39)
] ) k

k=i+1

3.2 RESULT I

As mentioned early, it is clear that Theorem 2.2 can only be utilized to a Volterra-
Lotka model on conditionw that €77 <0 and £ < 0. All the same, it is still likely to find
globally stable equilibrium eventliough conditions £ < 0 and £; < 0 are violated. We
will establish sufficient.conditions of such models by subjecting the model first to the
Pqincare transformation-as introduced in section 3.1. Indeed, this will enable us to
investigate more general models. In other words, the capability of Theorem 2.2 is
improved particularly in investigating the two-specics systems.

Reconsider model (13), that is

’

X, =X1( + €11 X1 + €12X2) (40a)

’

X, =Xa(¢2 + €21 X1 + €22X2) : (40b)
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Introducing the new variables, following from (35) and with the help of (38) and (39), as.

follows
X = L, then X,=- -
l—rl,tlcn 1--r2
1
and. (41)
, ryry-rar,
) .
X= E » then X, = rf
Undes (41),(40a) becomes
T 1 r
;’2— =;7(¢1.+ €1l o+ €2 ;7)

: 2 1 1
n=sr (1 r1 + €11+ E1212) >

r; =ry (€1 - @1 ri- Enrir (42a)

Equation (40b), under (41), becomes

_n 1 r2
—_— = + +
2 "1'(¢2 €1 + €2 rl)
1

’ I .

nri=rirp (g2 r; + €1+ €3 ) " +nr

. 1 1
= (E21+ Q2 r1 + €2 r2)vrafri(-€1- Q111 - Er2r2) E}

ry= r2{(€1-€1) + (¢2- 1) ry + (€2- €12) ra}iry (42b)

-From (42a),
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* *
(-€11 - Qrry - €p21y)irp =0
* *
-E1p = ¢1rp + €2 1y (43a)
From (42b),
* *
{((&21-€11)+($2-P1)r; + (€22-€p2)ry]ir; =0
* ¥
€1-€1=-(p2-¢1)r; - (€22-€p2)1,
* *
81=-(¢2-¢1)r, - (€22-€12) 7, + €14
* * * *
= '(¢2'¢l)r]'(522 - £12)’"2 - ¢lr1 - €
=-q rI + ¢1r; - Ezzr; + €2 r; - ¢1r; - €12 r;
i * *
E1=-P2r, - €221, (43b)
Substituting (43a) and (43b).to (42a) and (42b) respectively, yields

. * ‘
rp=ri(Qrr, + €201y)- ¢pry- gr)ir (44a)

’ * * * *
rp=ral-$ar - Enry+ ¢+ En 1y + (§2-P)rr + (€22 €n)ra)in

=n{(- ¢+ ¢1) r; + (- €2+ €12) r; +($2- Q1) r1 + (22 - E)ra)iry

=ra{-(¢2- ¢1) r; - (€22 - €12) r; +(Q2- 1) ry + (€22- €p2)ra}ir)
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r; =ry{(¢2- 1) (r;- r;) +(€22-€12) (r2 - r;)}/n

Equation (44a) and (44b) can be rewritten as follows
’ * *
rp=ri{-@i(ry-r)- €2(r2-ry)}r
¢ * *
ro=ra2{(¢2- @) (ri-r)) + (€2-€p)(ra-ry)}ir;
This means that the equilibrium is mapped into the positive equilibrium
(r;, ry) = (11X}, X,/X})
Rewrite equation (42a) and (42b),
rp=rp (€11 - Qrry- €r2)ir
ry= ra{(€;1-€1) + ($2- Q) ri+ (€22-€12) ra}iry
We are now in a position to prove the following theorem.

Theorem 3.1

Model (40) is globally stable if:
(i) there exists a feasible equilibrium, and

(i) ¢1>0, €12> €7 and €1, ¢2 > €7 ¢

Proof

A Lyapunov function for the model, following from (11), is

W= fifri-rp-ry In(rir)) + f2 (r2 -1y - 1y In (rairy)]
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The time derivative of (47) is

) ’ * ’
W = fi(r1-ry) (rfr) + f2 (r2-ry) (r)r) (48)
where rll and rzl as in (45). Therefore,

V= fi(ri -ry )y (- ¢1(’1-r;) - €13 (ra-r)liri(1irg) +

fa (r2-13) [ra {($2- 1) (r1- 1y ) + (€22 - €22) (r2 - ry)}ry (1r2)]

v = fi(r -r;) (- 1 (ri- ";) - €13 (r2- r;)}/’l +

fa(ry - r;) {(¢2-01)(rs- r;) + (€22 - €12) (r2~ r;)}/rl

(€22 - €12) = - (€12 - €22), then

W= () {-f1 1(ri-1))2=f1 €12 (ri -7, ) (r2-13) +
fa(2-81)(r- r;) (r2 -r;) -f2(€12 - €23) (r2 - ,2‘)2} (49)

. ¥ *
For convenience, let (rp-ry)=mand (rz-ry) = n.

Then (49) can be written as -

W= (r)(-f1 ¢im?-f1 ez mn +

fHo($2-9)mn - fo(€12 - £2) n?) 50)

Put A = 'g— ,or m= A n. Then (50) becomes

V= (lr)[-f1 $1A2n2 - f] € An? +

f2(92-¢1) An? - fa(e1z- €22) NP}
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n2

=7 {-f1 01A2 - fren A + 2(2-¢1) A - f2(€12- €22))

nz

=3 [-f1 1A% + {2 ($2- 1) - [1 €12} A - f2(€12-€22)}] <0

2

n .
;l— > 0; so we require

GA)=1[-f1 $1A2 + {2 ($2-01) - f1 €12} A - f2(€12-€22)] <O

Now, as f; ¢; > 0, G(A) < 0 implies that the quadratic G(A) = 0 can have no real

roots for A, thatis

{f2(92-91)- f1 €12)%- 4[-f1 $1{-f2(€12-€22)}] <0

(fs($2- $1)2 + fi €% - 21 f2 €2(02- 01) -4 1 o ¢ (€12 - €22)) < 0
l‘}‘;z2 (¢2- ¢1)? + )‘7 (€2)? - 21 12 k€12(¢2 -¢1) + 2 95/ (€12-€22)}] <0 (51)
We are required to show under what condition (51) is satisficd. Next, we let
c=£ o p=jic

then (51) becomes

If; C2 (92~ 0102 + £ (€12)> - 21 C (€12(d2- d1) + 2 d1 (€12 - €22))] < 0

Iff (C2 (- 912 + (€12 - 2C (€12 Go- €2 $1+2 €12 §y-2 £22 $1)}] <O
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[f7 (C? ($2- $1)? + (€12 - 2C (12 b2~ €12 91 -2 €22 91)}] <0
ﬁ [C2(§2- 1)* + (€12)* - 2C ((€12 ¢2- €22 $1) + (€12 $1- €22 $1)]] <O

FIC2 (92 912 + (€12 - 2C (€12 b3 €22 1) + b1 (€12 - €22)}] < 0 (52)

We require (generally) real positive roots for C so that (52) holds. For our convenience,
put ’

ar=(¢2-91) . a0

Bi = (€12 $2- €22 ¢1) (53)

Yt = @1(€12 - €22)

Substituting (53) to (52), to obtain solution for C, yields

LAC (a)?- 2C(Br + 11 )% (€2 =0

o 2B+ y) ENA (Br+ y1)? - 4 (01)? (e12)?

2 (01)? ay#0

_ (Bt ) 2N(B+ 1) - (1) (e12)?
(a)?

(B1+y)>0and (B + 1)? - (a1)? (12)?) > 0.

Now,
(Bi+ 71)? - (a1)? (€12)2) >0
i.e.,

(Bir+vi-04 &12) (Br+y1+ 0y €3)>0 (54)
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Substituting (53) to (54) to obtain

(€12 §2- €22 P14+ G1(€12-€22) - E2(P2- P} (€12 $2- €22 §4

+ ¢r(€12-€2)+ En2(d2-¢1)} >0

(€12 G2- €22 P1+ €12 §1 - €2 @1~ €12 Q2+ €12 P1) (€12 $2- €22 i

+E2 91 -€2 G+ E12 §2 - €12 §1) >0
(2€2 ¢ -2€29)(2€n2¢2- 262 ¢1)>0
(2 ¢1(€12 - €2)} (2 (€12 $2 - €22 ¢1) >0
{4 1 (€12 - €2) (€12 92 - €22 $1)} >0 (55)
By assumpiion,
¢1>0, €2> €2 and 812. 02 > 6 ¢

Therefore (55) is satisfied. This result implies that (48) is negative definite. Hence (40) is

globally stable. This completes the proof.
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3.3 RESULT 1II

As in Section 3.2, it is of interest to construct another sufficient condition for global
stability model (40) where the Poincare transformation, following from (35) and with the

help of (38) and (39), as follows

. ' ryra-rir,
X = —L, then X, =

r rg
and (56)
. rn
X2= —, then X,=- -5
) 7
Under (56), model (40b) becomes
¢ r1 I
- r—g“ ) (92 + 21 L+ €22 1)

!
-ry=ra{gar2 + €y + 1322),—2

.

r, =ry{(-€2- &) ry - ¢ r)in (57a)

Model (40a), under (56), becomes

ryr2-rpry

r; n 1
—_— = L + € + € -
7 rp (91 + €11 p + E12 ()

. ] .
rira = rarp (g r2+ €y rp + 812);; +rpr,
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=rprp (g1 r2+ € ri 4 €p)ravri{ra(-€2-€y rp- ¢ ra)}in
ry = ri{(€2-€2) + (€11- €1) r)+ (@1 - $2) ra}irs (57b)

Therefore,

r} = ri{(E12-€2) + (€11~ &) ri+(P1- $2) ra}irz

(58)
ry =r2(-€2-€1r;- ¢ r)ir
We are now going to prove the following theorem.
Theorem 3.2
Model (40) is globally stable if:
(i) there exists a feasible equilibrium, and
(ii) $2>0, e21>¢5and €) ¢ > €11 $2
Proof
From (58),
{(E12-€22) + (€11-€) r) + (P1-92) r; Jra=0 (594)
(-€2-€2r) - 2 1ry)ir2=0 (59b)
From (59b),
€2 =-8) r;- ¢2 1 (60a)
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From (59a), . \
€2-€2=-(E11-€0)r - (91-$2) 1
. * * * *
€ =-(ey-e)ry-(¢p1-Q)ry-€1r- 9205
* * ) * * * *
='£Ilr1+521r1'¢lrz+¢2 ry-€4r-$21
* * ’
=-Er-91r, (60b)

Substitute (60a) and (60b) to (58), yields

. * * * *
ry=ri{-€rp- Qiry + E20rp+ G2y + (E11-E21)r1 + ($1- $2) rajir;

ry {(€1- 811)"; +(¢2- ¢1) V; + (&1 &21) r+ (1 - ¢2) ra}ir

ri (€11 - €21) ri+ (Pr=¢2) r2 - (€11~ €21) r; -(¢1- ¢2) r; Hr2

* *
r1{(rr-€) (ri-r) + (¢1-$2) (r2-n)}irz (612)
’ * *
ry =ra(€grp+ @y ry-€4r1-92 r2)ir
* ¥
=-r2(enri+ $2r2 - 811 - $21))ir

* *
=-ry{(ri-r) & +(r2-r,) $2}Ir; (61b)
These, (61a) and (61b), imply the equilibrium are mapped into the positive equilibrium

* * * * *
(ry, ry) = (X)X, 1IX)
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If (58) is globally stable, then the original model, 1. e.; (40) is also globally stable.

Lyapunov function for thc modcl following from (11), is similar to (47). Its time
derivative is as in (48), with r, and r, as in (61a) and (61b). Therefore,

W= fi(ri-r ) [ri (€11~ €1) (ri- 1)) + ($1- $2) (r2- ry)}Ira]iry

+ f2(r2- r;) [-r2{(r;- r;) €1 + (r2- r;) $2}ira)ir;

= (1Irg) - fi (€21~ €11) (r1 - P )2 + f1 (91 - $2) (r1-7}) (r2- 1)

- f2 321("1"';) (r2-r;) - 12 ¢2(r-r;)2} (62)
For convenience, let (ry - r; )=pand(r;- r; ) = q. Then (62) becomes
V' = (1) {-f1 (€21-€11) P2+ f1($1-92) Pq

- f2 €1 pq-fa g (63)

Then put K = s ,or p =K q. Then (63) becomes

V' = (lirg) {~f1 (€21 - €11) K2 @2 + f1 ($1- $2) K ¢?

-Hhen K@ - fH ¢ ¢

2
=L Cfitea-e) K24 f1 (01-00) K- o 20 K- o 90)

g—[f (€21-€11) K2+ {f1 (¢1-¢2) - L &2} K- f2 ¢2] <O

q

- > 0; so we require

HK)=[-fr (€ -€11) K2+ {fi (91-92) - [ &) K- f2 ¢p2] <0
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As with Result I (see p. 30), H(K) < 0 requires that H(K) = 0 has no real roots, that is

[{f1 (01-¢2)- 2 €)% - 4f1 2 ¢2 (€21-€11)] <O
{ﬁ (¢1- $2)% + f; (€21? - 2f1 f2 €1 (91-92)-4f1 f2 $2(€21-€11)} <O
If; (91- 922 + 1o (€21 - 21 fale21 (91 $2) + 2 $2 (€21 - €11)})] < O (64)

[

It is required to show when condition (64) holds. Next, let L = f;f’ or f; = f> L to obtain

[FFL2(91- 8202 + [ (€20)? - 2S5 L (€21 (91~ $2) + 2 $3l(E21 - €11)}] < O

[f (L2 (91- 9207 + (€21) - 2L (€21 - €1 3% 2 €21 $2-2 €11 $2)}] <O
[f; {L? (¢;- ¢2)2 + (€22 - 2L (€ @1+ &1 $2-2 €14 $2)}] <0
f§ [L2(§1- §2)? + (€21)2 < 2L {(€2) P1- €11 $2) + (€21 $2- €11 $2)}] <O

FolL2(91- 9202 - 2L (1 §1- €11 $2) + 2 (€21 - €11)) + (€21)2] < O (65)

In general, we require réa] positive roots for L such that (65) is satisfied. For our
convenience, let
Q=(¢-¢2) . #0
B2 = (&21 ¢1- €11 $2) : (66)
Y2 = $2(€21-€11)

Substituting (66) to (65), gives
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[ (L2 (0 - 2L{(By + 1) + (e21)?) =0
L 2B ) NI (Br+ 1)? -4 (02)? (€212
s _ '~ . 2 () e
_ (B + Y2) 2N (B + 12)2 - (22)? (£21)?
(a2)?
As the roots are required to be real, we have
(B2+ 12) > O0and (B + 12)? - (x2)? (€21)% > O
Now,
(B2 + 12)? - (02)? (€21)* >0
ie.,

B2+ 12+ 02 €21) (2472- 2 €21) >0 (67)
Substituting (66) to (67) to obtain

[{€&) Q1-€11 $2+ Q2(€21-€11) + €4 (D1~ P2)} (€21 D1- €11 P2

+ (€21 -811)- € (91-$2)}] >0

(€21 G1-€11 G2+ €21 §2 -€11 2 + €21 §1- &1 $2) (€21 1- €11 P

+ &2 02 -€11 $2- & O+ &) $2)}) >0
[{(2€) @1 -2¢€11 $2) (2&1 ¢ - 28151 $2)})] >0

[{2 ¢2(g21 - €11)) (2 (€21 ¢1 - €17 $2))) >0
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{4 ¢ (2 - 811)(8_21 ¢ - En $)} >0 (68)
"~ By assumption
$2>0, €2:> €1 and & ¢1 > €11 $2

Therefore (68) is satisfied. This result implies that (40) is globally stable. This completes

the proof.
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Chapter Four
GENERALIZATIONS AND EXAMPLES

This section is devoted to introducing another use of Lyapunov function in proving
a sufficient conditions of more specific model of Volterra-Lotka type. Then some
numerical examples and simulations of the models, especially of the two and three-species
systems, are also given. All findings and results found in this chapter, as well as the result

in the previous chapters, are discussed in further detail in the last part of the thesis.

4.1 GENERALIZATIONS FOR SPECIFIC TWO AND
THREE-SPECIES SYSTEMS

In this section, sufficient conditions for global stability of a specific Volterra-Lotka
model are established; especially for two ‘and three species systems. The method

developed is the same as that in Theorem 2.2:
Example 4.1

Consider this specific Volterra-Lotka model given by

X, =X (91 - €2X2)

(69)

X, =X2(-¢2+ fez X1 - €22X3)

where X;, X7 be prey and predator densities respectively. The parameter fis the
conversion efficiency of prey into predator. In addition, ¢; and ¢, are the per capita birth

rates of prey and predator respectively.
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Corollary 4.1

Provided that the pmaheters £, @1, 2, €12, and &) are all positive, then model

(69) is globally stable.

Proof

It is obvious, from (69), that

¢1 - E12 X; =0

(70
* *
-9+ fEn X - €2 X, =0
. . . P2+ €2 ilEn
Then, XZ = ¢1/£12 and f€12 XI = ¢2 + €2 XZ ) X] = f €5 . Therefore,
(69) has a unique feasible equilibrium given by
Lo v €2+ 2 € |
', x5 = ( d; €22 ¢2 12'_¢_1)
f(&r2) Er2
Equations (70) can be rewritten as follows
*
¢ = € X,
(n

* *
-¢2 =-f & X1+ €22 Xz

Substituting (71) to (69), gives

X, =X; (€12 X, - €12 X)

X, =Xz(-fen Xy + €2 X, + f€12 X - €22 X>)
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or

’

*
X, =-€e2X;(X2-X,)

(72)

’

X, =X; {(fer2 (X1-X)) - €2 (X2-X,))
As in (11), let the Lyapunov function for (69) be
Wx) = f (X1 -X; - X, In (XpX,)} + (X2 - Xy - X, In (X2/X,,))

The time derivative of this function computed along solutions of (72) is

Vo= F(Xi-X)) (XX1) + (Xz-X3) (X,/X2)

FXp-X) (- €12 Xy (Xg - Xo)IX 1) +

(X2 - Xy) (f €12 X2 (X1 X}) = €22(Xz - X,)) /X5

“fern (X1- X)) (Xa - X,) + ferz (X1- X)) (X2 - X,)

- 22 (X2 -X5) (X2 - X3)

It

*
- €25 (X7 - X,)?

Therefore, ¥’ < 0 for X;, X;> 0 and X, # X; .
If X;= X; then v = 0; andinfact ¥ = 0 (for X; = X;) also. However,

v’ < 0 (for X;= X; ), so that the required result follows.

Note: similar remarks apply to all Examples in section 4.1.

Example 4.2
Consider the following model given by
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X, =X1(¢ - €e11X) - €12X)3)

(73)
X,=Xa2(-¢2+ fer2 Xy)
The nontrivial equilibrium of (73) is given by
€12 - 02 €
(X;, X)) = ( 92 ’ ¢1f€12 ¢22 11
fEr f(€12)
This equilibrium, however, is positive if and only if
€
02 < ¢1f€i2
11
Then from (73),
* *
1= €y X; + ep'X;
. (74)
*
¢ = fez X,
Substituting (74) to (73), gives
X, =X1(en X; + €12 X; - €11 X1- €12 X2)
’ *
X, =Xa(-fen X, + fen X))
or
X, =-Xi{en (X1-X;) + €2(X2-X}))
(75)

2

X, =X2{f(X: 'X;)EIZ}
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For this model the Lyapunov function (11) is
* * * ) *
wx) = £ (X1 -X; - X, In (XiX})) + (X2 - Xy - X, In (X21X3))
The time derivative of this function computed along the solutions of (75), is as follows

W = f(X1-X)) (X,/X1) + (X2 - X;) (X,/X2)

= f(X1-X)[- (€11 (X1- X)) + €12 (X2 - X5 )}] +

(X2 - X,) {f €12 (X;- X))

-fE1 (Xi-X)?- fer (X1-X)) (X2-X;)

+ fen(Xr-X) (X2 - X5)

- fen(Xp- X2

*

Therefore, ' < 0 for X;= X, .
If X;= X; then, as in Example 4.1, we have v = 0 (for X; = X;) and "' < 0

(for X; = X; ); and the result follows, i. €., (73) is also globally stable.

Example 4.3

Then, consider the following model in which the predator has an alternative prey

that provides it with an excessive and continuous supply of energy per predator. Model
(69) becomes
X, =X1(¢1 - €12X3)

' (76)
X, =Xa(92 + f €12 X1 - €22 X2)
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This model will also be examined, under Corollary 4.1, to investigate whether or not the

model is globally stable. From (76), the nontrivial equilibrium is given by

¢ - €12 X; =0
an

(7} +f£12X;-£22 X; =0

- P2+ €27 1€
fEr2

X, = ¢Jepand fep X, =- ¢o+ €22 X, . Then X, = . Therefore,

@1 €22 - 2 812 ¢y
X , X,) =
i 2) ( f(e2)? en e

This equilibrium, however, is feasible if and only if

P €22
€12

$2 <

Equations (77) can be rewritterni-as follows

: *
¢ = €12 X,

(78)
2 =- f €p X;+ €2 X,

Substituting (78) to (76), gives

X, =Xi(e12 X, - €2X2)

2

X,

=Xz (-f€n X; + &2 X; + f&n X1 - £2X2)
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or

’

X,

*
=-£3 X;(X2-X,)

(79)

X, =Xo {(F e (Xi-Xy) - €22 (X2 - X))

System (79) is in fact the same as that of (72). It can be concluded, therefore, that (76) is

also globally stable if all the parameters are positive.
Example 4.4

Consider a model where the species at the lowest trophic level is self-regulating.

The three species food chain model is given by

X, =X1(¢1- €1 X1 - £12X3)
X, =Xa(- 92 + fren X; - €23 X3) (80)
X3 =X3(-¢3 + L €3 X3)

Corollary 4.2

Model (80) is gldbally stable if it has a feasible equilibrium and also the paramaters

[i>0(i=1,2), ¢ >0(i=1,2,3)and gy, €12, €23 > 0.
Proof

From (80) the nontrivial equilibrium is given by
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¢1 - €11 X; - €12 X; =0

*
G2+ fi €12 X] - €23 X3=0

*
-9+ o 63 X,=0

_ fabies-9s812 (s

N *
ie., X, » Xy =
f2€11 €23 f2 €23

and

Xt = f1€12(f2 1 €23 - @3 €12) - 2 91 €11 €23
’ f2€11(€23)2

Equations (81) are the same as

* *
¢ = €11 X; + €12 X,
- * *
-9 =-f1 € X, + &3 X,

$3.= f2 €23 X,

Substituting (82) to (80), yields

* *
X, =X1(e11 X; + €12 X; - €11 X1 - €12X2)

’

*
X, =X2(-11 &2 X; + &3 X; + fi €2 X - €23 X3)

X; =X3(-f2 €3 X; + f2 &3 X))
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or

’

*
X, =-X;{en (X1 -X)) + &5 (Xa-X,))

’

X, =X2{(f1 €12 (Xs -X;) - &3 (X3 -X;)}

’

X, =X3{f2 €23 (X2 -X;))

Our Lyapunov function for this model, as in (11), is

W =fi (X1 -X, - X, In (XyX )} + f2{X2 - X, - X,y In (X2/X,,))

+ (X3 -X; - X5 In (X3/X3))

The time derivative of this function computed along the solutions of (83) is

fi (X1 -X7) - €11 (X1 - X)) - €12 (Xz - X)) +
f2(X2-%,) {(f1 €12 (X1-X)) - €23 (X3 -X3)) +

(X3 - X3) {fs €23 (X2 - X))

-f1 &1 (X -X;) (X ~X;) - fren (X1-Xp) (X2 - X;) +
f1 f2 en2(Xg -Xp) (X2-X5) - fae23 (X2 -X,) (X3 - X3) +

f2 €23 (X2-X,) (X3 -X;)

Let f; = I

Koleksi Perpustakaan Universitas terbuka
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If X;= X; then as in Example 4.2 we have " = 0 (for X; = X; Yand ¥ < 0

(for X; = X; ). By Corollary 4.2, (80) is globally stable.

Example 4.5

Consider the three-species model of food chain given by

’

X, =X1(¢1- €2 Xa)

X, =Xo(-¢2+ f1 €2 Xy - €23 X3) (84)
X, =X3(-¢3 + f2 €3 X2 - &3 X3)

Corollary 4.3

Model (84) is globally stahle if ithas a feasible equilibrium and at the same time all

the parameters f; (i = 1,2), ¢; (i='1,2,3) and €3, &3, €33 are positive.

Proof

From (84) the nontrivial equilibrium is given by

¢1 - €12 X; =0
-$2 + f1 €2 X; - €23 X; =0 . (85)

* *
-9+ 2 €3 X, - 63 X3=0
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Therefore,

(x' ,X; ,X;) _ (fz G1 (€23)> + €12 (92 €33 - 3 €23) 1 f201 €23 - 03 €12

’ ’

f1(€12)? €33 €12 €12 €33

Equations (85) can be rewritten as
¢ = €12 X,
* *
-2 =-f1 €2 X; + €3 X (86)

* *
-9 =-fre3X, + €33 X;

Substituting (86) to (84), yields

’

X, =Xi(e12 X, - €2X3)

’

. *
X, =Xo(-f1€2 X, + &3 X; + f1 €2 X1 - €23 X3)

’

*
X, =X3(-f2 € X; + &3 X3 + f2 €23 Xo - €3 X3)

or

’

X, =-X1{en2 (X2 - X3))

’

X, =Xz {fi €12 (X1-X;) - €23 (X3 - X3)} 87

’

X, =X {2 €3 (X2-X;) - €33 (X3 - X))}

Let the Lyapunov function of this model, following (11), is
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Vo= fi (X1 -X, - X, In (XpX)) + f2{X2 - X, - Xy In (X2/X;))

+ {X3-X; - X5 In (X3/X3))
The time derivative of this function computed along the solutions of (87) is
* ’ * ’ * ’
V = fi (Xi-X,) (X/X1) + f2(X2 -X;) (X,/X2) + (X3- X3) (X,/X3)

= f1 (X1-X)) {- €13 (X - X)) + fo(X2-X,) {f1 €12 (Xi- X)) -

€3 (X3-X3)] + (X3- X;) {f2 €23 (X2-X;) - €33 (X3 - X;)]

fren(Xi-Xy) (Xa-X5) + fifr€12 (X2-25) (X1 - X))
- fr&3(X2-X,) (X3 -X3)} + fr €230(X2-X;) (X3 - X3)

* *
- €33 (X3-X3) (X3 - X3)
If we choose f; = f, = I our formula for ¥ becomes
’ * 2
V=-€3(X3-X)°<0

forall X;, X5, X3 >0 and X3 #X;.

If X3= X; then as in Example 4.4 we have v’ = 0 (for X3 = X; yand v < 0

(for X3 = X; ). Hence, by Corollary 4.3, (84) is also globally stable.
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4.2 NUMERICAL EXAMPLES

There are five different numerical examples introduced in this section. The first
four are system of the two-species interactions and the other is a three-species systems.
The theorems introduced in the previous chaptér are utilized to investigate all these
numerical examples. A simple program, moreover, is created to implement numerical
simulations of the models. It is acknowledge, however, that the results from computer
simulations applied only as tentative, not as final results. The program for computer

simulations can be seen in the Appendices.

Example 4.6

Consider the two-species systems of numerical example below given by

X, =X; (I-X; +0.5X;)

(88)

’

X, =X5 25+ 025X, - 15 X,)

In(88), ¢ =1, ¢p =25, g1=-1, €12=035, € =025, & =-15. According to
(14), the feasible equilibrium of (88) is given by

X X)) = ( (2.5)(0.5) - (1) (-1.5) (1) (0.25) - (2.5) (-I))
122 ST (-1.5) - (0.5) (0.25) * (-1) (-1.5) - (0.5) (0.25)

+ 2.5
0.125

25
J -

2.75 2.75
= (1.375 ’ 1.375)

=(2,2)
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Local stability of the equilibrium of the model depends on the eigenvalues of the matrix
* *
X, €] X, €5

.
(X; €jijarz =] _a
X, €2 X, €22

-2 1
= [0.5 -3 ]
, o (24 1
Th lues of this matri by det =0
e eigenvalues of this matrix are given by de [0.5 (_3_1)]

i. e.,

(-2-2)(-3-4)-0.5 =0

A2+ 5A+55=0

So the eigenvalues are
-5 #N25-22
2

-5+43
2

According to Definition 1.1, the nature of this critical point is a node. As the eigenvalues
are negative, it is locally stable. Besides, X; > 0, &; < 0 and det (gj) > 0 for i, j = 1, 2.
So, by (15) and (16), system (88) is locally stable.

The phase portrait of this model, obtained from computer simulation, shows that
(89) is globally stable (see Figure 6a). In addition, clearly the conditions (i), (ii) and (iii)
of Theorem 2.2 are satisfied by this model. Therefore, (88) is globally stable. The
situation i)ctween the species. X; and X, is shown in Figure 60 (Note: the program on

how to create this simulation is attached in the Appendix B).
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Example 4.7

Similar to Example 4.6, let the following numerical example given by

14

X, =X, (15-X;-05Xy)

’

X, =X3(2-075X;-X3)
Under (14), model (89) has feasible equilibrium given by

(X}, X;) = (08, 1.4)

Local stability of the model depends on the eigenvalues of matrix

. 08 -0.4
(X; &ij=12 = [-1.05 -1.4]

for i=1,2.

The eigenvalues are

-2.2 +N2.04

55

(89)

As the real part of the eigenvalues are negative, it implies that the equilibrium is locally

stable. Computer simulation of this model shows that (89) is in fact globally stable (see

Figure 7a).

In (89), moreover, X: >0, &;i<0and det(g;) >0fori=1,2. Hence this model

is in fact globally stable in the positive orthant. For the interaction between species X;

and X, see Figure 7b (Note: the computer program to obtain this simulation attached in

the Appendix C).
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Examples 4.8

Consider the system below given by

T

X, =X;(1+4X1-20Xz)

(90)

’

X2 =Xy(-2+8X;-24X,)

Feasible equilibrium of (90), under (14), is in fact given by (X;, X;) = (1, 0.25).

Moreover,

Or=1, 9=-2,€1=4, €=-20, =8, £2p=-24

Obviously that

¢1 >0, €12> € and ¢ €12 > ¢ €2
So, by Theorem 3.1, (90) i$ globally stable.

Example 4.9

Next consider the following nemerical example given by

I3

X] =X;(-25-X;+15X3)

o1

I3

X2 =X(1-05X;+05X3)

where X;and X are density of prey and predator respectively. Clearly that this model,

under (14), has feasible equilibrium at (X;, X;) = (11, 9). Computer simulation of this

example shows that it is globally stable, that is
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Here, moreover,
01 =-25,¢2=1,€5=-1,¢€37=15, gg7=-05, £=05
In other words,
¢2 >0, €2/ > € and ¢ &> P2 €4
Clearly that the model satisfies the conditions in Theorem 3.2. Therefore (91) is also
globally stable. The situation between the prey and predator is shown in Figure 8b. The

procedure on how to find them is enclosed in the Appendix D.

Example 4.10

In this example, we are going to use Theorem 2.1, i. e., to examine global stability

of many-species systems. Consider the example of the three-species systems given by

’

X, =X;(5-4X;-2X2+2X3)
X, =X2(9-2X;-6X; -2X3) (92)

X, =X3(-2+2X;+2X2-4X3)

The nontrivial equilibrium of (92) is given by
-4X1-2X,+2X3=-5 (1%)

-2X1-6X,-2X3=-9 (2%)
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2X1+2Xy-4X3=2 (3%)

Add (2*) and (3*) and subtract (1*) and 2 x (2*) respectively to obtain

41X+ 6X3=7 and 10X2+6X3=13 (4%)

. * . . *
From (4*%) gives X, = 1. Substitute this value to (3*) yields X; = 0.5. Use these two

values to obtain X; = 1. Therefore (92) has feasible equilibrium at

(X}, X5 X3) = (1,1,0.5)

The matrix interactions of the model at the equilibrium is

* * *
X, €11 X, €12 X, €13

* * * *
E=(X,- 8,'j)(,',j=1,2,3)= Xz €21 Xz €32 X2 €23

X; £3] ‘X,; £32 X’; £33
(1) (-4) (1).(-2) (1) (2) -4 -2 2
=|:(1)(-2) (1) (-6) (1) ('2)]={-2 -6 '21|
(0.5) (2). (0.5) (2) (0.5) (-4) 1 1 -2

The result from computer shows that the eigenvalues of this matrix are approximately
-7.051, - 1466, -3.483

Since all the real parts of the eigenvalues are negative, then the model is locally stable

Here we have
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Det (E + ET) = - 360 + 180 = - 180. Hence (E + ET) is negative definite.
Then, we let F = diag (1, 1, f). This means that (E + ET) =(F E + F ET).
Therefore, (F E + F ET) < 0. And this fact implies that the model satisfies the conditions

in Theorem 2.1. Hence (93) is globally stable in the feasible region.
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Chapter Five
DISCUSSIONS AND CONCLUSION

5.1 GENERAL DISCUSSIONS

There are several regards that need to be noted and discussed based on the methods

and results developed previously.

Undoubtedly the Lyapunov method, called Lyapunov function in this thesis, is a
very powerful method to investigate global stability of the generalized Volterra-Lotka
models. And, moreover, this procedure can also be utilized to examine global properties
of a specific model of Volterra-Lotka type as demonstrated in section 4.1.

It is clear now that local stability of an equilibrium in system of differential
equations does not necessarily imply its global stability. This can be shown by

considering the following numerical examples, given by Goh (1976), as follows

r

X] =X1(-2+Xy+X3)

93)

X, =X:{5-3X;-2X)

It has feasible equilibrium at

(X3 X5)=(1,1)

and under (15) and (16) the model is in fact locally stable. However, according to

computer simulation, this model is only locally stable. In addition, it is clear that in (93)

$1r=-2, ¢p=5,€=1, ep=1, &27=-3, &2=-2
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As &1 > 0, Theorem 2.2 can not be applied. Moreover, as &, < €7, Theorem 3.2 can
not be also applied. So we can prove only local stability for this model.

At glance, it seems that Example 4.8 and Example 4.9 do not have global stability
as €1 >0 and & > 0 respectively. Under Theorem 3.1, however, Example 4.8 is
globally stable; and Example 4.9 is in fact globally stable under Theorem 3.2. These facts |
mean that the result in Goh (1976) is indeed improved. And this is obtained by subjecting
the model first to the Poincare transformation. As a result, we have got another 'tool',
which is more capable than that of Theorem 2.2, to analyze global stability more general
models of Volterra-Lotka type.

In the proof of Theorem 2.2, i. €., in case (I) of (38), &, & = 0. This implies
that either €2 =0, € =0o0r €7 =0 = &y. Incase (I1), &3 €y > 0 and this means
that either g2, €27 < 0 or €3, €1 > 0. In case (II]) £, &,.< 0, that is nonzero value for
both é;z and_ &, as well as having opposite sign. Biologically, in case (I), if £, = 0
then it is referred to as amensalism; if &, = 0 it is.described as commensalism; It is said
to be neutralism if both €7 and € equal to zero. In case (I1), it is said to be competition
and mutualism if &, &; < 0 and g, €, > 0 respectively. Noting that Example 4.6 is a
model of mutualism and Example4.7.is a competing species model. When €12 &) < 0it
is commonly known as a predator-prey interactions. The examples of this type are shown
in Example 4.8 and Example 4.9. The phase portrait of the equilibrium and the situation
between the species are also shown in Figure 6, Figure 7 and Figure 8.

In a Volterra-Lotka model of predator-prey systems, it is likely to have global
stability of such model although only one of the species sustains density-dependent
mortalities due to intraspecific interactions. In a two-species of Volterra-Lotka model of
mutualism, as shown in the proof of Theorem 2.2, local stability implies global stability.
This result is still valid in a model of mutualism between any finite number of species
(Goh, 1979). In a two-species Volterra-Lotka models of competition, local stability
implies global stability in the feasible region. Nevertheless, this result is not necessarily

true for model of more than three-species systems.
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5.2 CONCLUDING REMARKS

It has been shown that local stability of the generalized Volterra-Lotka models does
not necessarily imply its global stability. By applying the Poincare transformation, the set
of sufficient conditions of the models in which both species do not sustain density-
dependent due to intraspecific interaction are established. These results have been proven
with the help of Lyapunov functions. Undoubtedly these results improve earlier work,
particularly the result in Goh (1976). However, it is worth noting that the results found in

this thesis still could not solve every form of Volterra-Lotka models, e. g., model (93).
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APPENDICES

APPENDIX A

Following is a procedure of creating a program, in Minitab, to implement numerical
simulations of the generalized Volterra-Lotka models. The generalized Volterra-Lotka

models of the two-species systems is taking form

4

X, =X (o1 + &1 X+ £12X3)

” ' *)
X, =X2(p2 + &1 X; + £22X3)

Use X RN
‘ ; (t+ h)-X;(t
where /1 is relatively very small.
Measure time in units of hand put t=nh for n=20,1,2, ... . Then write
Xi(nh) = X!
So
Xn+l ) Xn
, i i
X, (= A
The appropriate version of (*) is
+1
) YA, 2 )
— =X?{¢i+§ e X%}
j=1
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2
1
X~ XM h X g+ z:e,-j X%}

j=1

If X;' is known, then X:-'” can be (approximately) calculated.

69

To use these informations in the Minitab, we make the following identifications:

kl =n+l,
k2 = h,

k3 =91,
k4 = gy,
k5 = €p3,
k6 = ¢,
k7 = €4,
k8 = €33, -

t=cl (i.e., coloumnof time values),

X' = c2(kl),

A 'loop' is written which will calculate the X, .

By specifying the values of

cl(1), c2(1), c3(1), k1, k2, k3, k4, kS5, k6, k7 and k8,

we can get the result using 'execute’ command, i. e., executing the loop as many times as

needed.
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APPENDIX B

The program to obtain computer simulation of Example 4.6 is:
Minitab
MTB> store 'filename’.::
STORE> noecho. - CE
STORE> let ¢1(k1+1)=c1(k1)+k2
STORE> let ‘ez(k;‘l‘,f1,)==02(k1 )+k2*(k3+k4*c2(k1)+k5*c3(k1))*c2(k1)
STORE> let c3(k1+1)=c3(k1)+k2"(k6+k7*c2(k1)+k8"c3(k1))"c3(k1)
STORE> let ki=k1+1
STORE> end |
MTB> let c1(1)«0 -
MTB> let c2(1 )=10; Note: This is the initial value of X;)
MTB> let c3(1)=10 (Note: This is the initial value of X>)
MTB> letki=1
MTB> let k2=0.01 (Note: This is a time step size)
MTB> let k3=1
MTB> let k4=-1
MTB> let k5=0.5
MTB> let k6=2.5
MTB> let k7=0.25
MTB> let k8=-1.5
MTB> execute 'filename'500
MTB> xlable c2 'Speciest’
MTB> ylable c3 'Species2'
MTB> gplot c3 c2
MTB> write 'Species1’ c1 c2
MTB> write 'Species2' c1 c3
MTB> stop
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APPENDIX C

The program to obtain computer simulation of Example 4.7 is:
Minitab
MTB> store ‘filename’
STORE> noecho
STORE> let ¢1(k1+1)=c1(k1)+k2
STORE> let c2(k1+1)=c2{k1)+k2* (k3+k4*c2(k1)+k5*c3(k1))*c2(k1)
STORE> let c3(k1+1)=c3(k1)+k2* (K6+k7*c2(k1 )+k8*c3(k1))*c3(k1)
STORE> let k1=k1+1
STORE> end
MTB> let ¢1(1)=0
MTB> let c2(1)=10
MTB> let ¢3(1)=10
MTB> 'I'et k1=1
MTB> let k2=0.01
MTB> let k3=1.5
MTB> let k4=-1
MTB> let k5=-0.5
MTB> let k6=2
MTB> let k7=-0.75
MTB> let k8=-1
MTB> execute ‘filename'500
MTB> xlable c2 'Species1’
MTB> ylable ¢3 'Species2'
MTB> gplot c3 c2
MTB> write 'Speciesi' ¢1 ¢2
MTB> write 'Species2' c1 ¢3
MTB> stop
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APPENDIX D

The program to obtain computer simulation of Exarﬁplc 49 is:
Minitab
MTB> store ‘'filename’
STORE> noecho
STORE> let c1(k1+1)=c1(k1)+k2
STORE> let c2(k1+1)=c2(k1 )+k2‘(k3+k4*c2(k1 )+k5*c3(k1))*c2(k1)
STORE> let c3(k1+1)=c3(k1)+k2*(k6+k7*c2(k1)+k8*c3(k1))*c3(k1)
STORE> let k1=k1+1
STORE> end
MTB> let ¢1(1)=0
MTB> let c2(1)=10
MTB> let ¢3(1)=10
MTB> let k1=1
MTB> let k2=0.01
MTB> let k3=-2.5
MTB> let kd4=-1
MTB> let k5=1.5
MTB> let k6=1
MTB> let k7=-0.5
MTB> let k8=0.5
MTB> execute 'filename'500
MTB> xlable c2 'Prey'
MTB> ylable ¢3 'Predator’
MTB> gplot ¢3 c2
MTB> write 'Prey’' ¢1 c2
MTB> write 'Predator’ c1 ¢3
MTB> stop
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